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(timeline-driven dispatching).     -

   ,     -

 -  ,  .    

        

   ,   -

 .   ,     

       -

    .  ,  -

      . 

       

,      . -

   ,    -

   ,   RT-Mach [8]  

LynxOS [9].       

      

,    ,   -

   .       

 . 

      -

   ,     -

        .  

     ,  

      -

 . 



 6

        

,        

       ( ,  -

     )  -

,  ,      

          -

.       

  -  ,    

         

.       

     ,  -

   , ,  -

 . 

      

,  ,  [22] ,       

,       -

   ,    -

        

.        

,        -

    .    -

  . 

       -

        

       [10],   -

   .    -

         – 

    .  -

,     ,  -

    ,      -

        . ,  

      -

        .  -

      (     -

  )  . 



 7

1.       -

 ,  RM (Rate-Monotonic, «  -

 »).       , 

     ,  -

    ( )    

 . ,  [10]    
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        ,   
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        , -

        

     , 

      -

 . 

    1    

[18, 37, 42, 43, 44, 47, 48].  
 

1.1.   

       -

      -

   . 

  ,   m -

.   j (j = 1,...,m)   

  sj,    jl     

Vj.  n ,      -

   ri     di,  

,   (ri, di], i = 1,...,n,   -

 pi, i = 1,...,n    vi,    

    .   pi   -

   j   i

j

p

s
.    i-  -

  j-    i

j

v

l
.     i  -

  j,     ,   -

    .    

 .       

    -  . -

    (   )  
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     .    -

      -

 .        

     ,    

     .    -

        -

. ,      -

 j           

         -

   ,  jλ .    -

 (       

  )  . 

   ,  ,   -

,         

   ,    , -

  .      -

  ,    –   

. 

   ,    -

       , 

 ,        -

  NP-   [1].  

 1.      

,       -

,     ,     

  ,  NP-  . 

 ,        

       

 ,       -

    ,    , 

,   ,      -

.      

 .    -
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     . 

 

1.2.  –  .    . 

   

       -

    . -

 t  ,     -

 is  (i = 1...t),   im  (i = 1...t)   -

.      .  n -

,        -

 jr      jd ,   -

  ( jr , jd ], j = 1...n,    jp ,  

j = 1...n.   jp       

 i   
i

j

s

p
.       

     .    -

      .  

 

1.2.1.   

   ,    -

.        -

    ,   [11]  [12],   -

  . 

 kτττ <<< ...10 –    jr   jd , j = 1,…,n, 

( ]1;i i iI τ τ−= , i = 1,…,k.   ,  j   -

 ( )    t0,  0trj ≤  0td j ≥ . -

,     iI     -

 .      -

  ,   ,   (  , -

    p)      -

  iI .      
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iI         , 

         . 

       

 [11].    ,      -

       ,  -

 .    (N,E). 

        

 O   O′.      , 

      -  -

 (    «  »),    

 ,      

    (    «  

- »),     , -

   (   « - »). 

     ,  ,  

   j-   ,    ,  jp , 

j = 1...n.       -

- ,     ,    -

 .    ,    

 - ,    r 

   ,  Tss rr )( 1+− . ,  01 =+ts .  

 -  (r,i),   -

 r    iT      i  

 ( ) irr

r

n
n Tssm 1

1
+

=

− .  ,    

   O′     -

.  .1    .  
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 1.  (N,E). 

       : -

-  (n ),  -  (( )2 1n t−  

), -  (2n - 1 ).    

N = (tn) .       -

 (N, E)  : ,     -

 (n ), ,      -

-  (       

  - )  (   ( )2 1n nt−  ), 

,   -    -

 (( )2 1n t− ).   |E| = O(tn2) . 

       -

  « - - - »,   [13].  -

   ,  ,  

      

«  ».   « - - -

» - O(|N|3) [13].      ,  N = O(tn),  

     O(t3n3).  [11] -

O O’ 

 

1 

2 

n 

I1 

I2 

I3 

I4 

Ik 

(I1,1) 

(I1,2) 

(I1,3) 

(I2,1) 

(I2,2) 

(I2,3) 

(I3,1) 

(I3,2) 

(I3,3) 

(I4,1) 

(I4,2) 

(I4,3) 

(Ik,1) 

(Ik,2) 

(Ik,3) 

  
 

 
 

-  
 
   

t = 3
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,   ,    -

    ,   

  ,       -

  (N,E)  
=

n

j
jp

1

,      

( ), \s N s .       -

 ,     . 

      ,  

          -

 iI .     ,   -

 ,   ,    -

  ,        -

   ( . . 2). 

 
 

 2.     . 

 

      , -

    (   ),  

   ,     ,  

1 

1,1 

1,2 

1,3 

I1

I2

I3

( )1 1 2 1m s s T≤ −

( )( )1 2 2 3 1m m s s T≤ + −

( )1 2 3 3 1m m m s T≤ + +

( )1 2 1s s T≤ −

( )2 3 1s s T≤ −

3 1s T≤
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    ,   

      .  [11] -

,         

 .       

        

 ,     [12].   -

,         

      

   O(n).     

     2(m-1) ,  m –  

 , . . 
=

=
t

i
imm

1

. 

     ,   -

     N   -

 
=

n

j
jp

1

 ([11]),   [12]      

,   2n-1 .     -

  O(n(2n-1)) = O(n2). ,   -

       

O(t3n3+n2) = O(t3n3). 

  ,   -

 .    [12]        ,  

2(m-1), ,    2(2n-1)(m-1)  -

   .    , -

    ,    

    (  n ).     

  2(n-1),     

2n(n-1) .  ,    

       2(2n-1)(m-1)+2n(n-1)= 

=  2(n2+2mn–3n-m+1) . 

,      -

        -

 (     ,   

 ,      ) 
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  O(t3n3),      2(n2+2mn–3n-m+1) -

. 

  ,      -

    (O(t3n3)),      -

       -

     ,  -

 .        Pen-

tium III 866 MHz    ,   

. 1.     ,     

   64  (   ) -

     .   -

       -

   ,    -

       ,  

  ,      

 . 

 
 1.       
    . 

 
  

    
   

4 10 1.23  

8 25 14.32  

16 50 1090.87  

64 500 11 . 

 

       -

,       -

  ,     .  

        

 [14],       -

,      -

.      1   2  -

   . 
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1.2.2.   

1.2.2.1.  1 

 : 

 1.  kτττ <<< ...10 –    

jr   jd , j = 1,…,n.       0τ  ( j
j

rmin )  

kτ  ( j
j

dmax ).       t -

  D(t),        

 (t).  -  z(t),    zj(t) 

   ,    

   t.   ( )j tδ =
1, ( )

0, ( )

j C t

j C t

∈

∉
  Sj(t), 

    ,     

 t   j (       j -

  ,  Sj(t) = 0).     U 

    j
j

rmin , K –  ,  

z(t) = jp . 

 2.     t   -

  jr ,  -        

-  .  ,      

 D(t)\C(t) ,       . 

  ,       D(t)\C(t)  

,    )(tDj∈    , -

    ,   - jd .   -

     ,    

    D(t)\C(t)     

  .     D(t)\C(t)  -

,  

     

( )

( ) \ ( ) : maxj i
i C t

j D t C t d d
∈

∀ ∈ ≥ ,                          (1) 
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  ,      .   -

 (1)  ,       

)(\)( tCtDj∈     ,   -

-     ,   k, ,  

i
tCi

k dd
)(

max
∈

= , ,   ,   k, -

  j.      ,   -

  (1),       -

      .  

      tΔ = tN - t (tN – -

    ).   

    tN ( ,   2 

 3     ,     tN -

   -     jr  -   

,     -    

jd ),  (1)     (U,K)  -

  t   U   ,  

       ,  

 K; (2)    z(tN)   -

    :  

                         z(tN) = ( )j Nz t = ( ) ( ) ( )j j jz t t S t tδ− ⋅ ⋅Δ .                      (2) 

 3.     t   -

  jd .   ,    j  -

   , . .     t  

zj(t) = 0.  ,         -

   ,   ,   

,        -

. 

   (  ) -

  1.   n   n   -

  ,   2    2n 

.  2   m   -

         -
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    m  ,    m -

   . ,   2  

O(mn) . 

    1  3  n 

,      .    

        ,  

  .  ,   3  

O(n) .  ,    1   

O(mn + n) = O(mn). 

     , -

     1  ,   -

  .      -

,  ,   -    -

        -

     (   

       ),    

  jr ,  minj j
j

r r≠ .      n-1, -

 ,   1   ,  (n-1) -

     .  

 2.      

       1   

O(nm).       -

   1n −  . 

 . 3   ,   -

  1.       .3. 
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 3.     1. 

 

1.2.2.2.  2 

  2     1 

  2.    1    -

 2       

       ,   

 2       -

        -

      .   

    2: 

 : 

 1.  0 1 ... kτ τ τ< < < -      -

   jr      jd ,   j = 1,…,n,.       0τ  

( min j
j

r )  kτ  (max j
j

d ).      

 t   D(t),      -

   (t).  -  z(t),   -

 zj(t)    ,   

    t.  
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  ( )j tδ = 
1, ( )

0, ( )

j C t

j C t

∈

∉
  Sj(t),   

,      t   j (   

    j   ,  Sj(t) = 0). 

    U     

min j
j

r , K –  , z(t) =  jp . 

 2.     t   -

  jr ,  -        

-  .    -

 .   C(t) ,  P(t)={1,..,m}.   ,  -

 P(t),  D(t)    ,  -

  : (1)  j-  , , 

 
( )

minj i
i D t

d d
∈

= ,   k,  :   

( )
maxk i
i P t

s s
∈

= .; ( ) ( ) \{ }P t P t k← ;  D(t)←D(t)\{j};  C(t)← ( ) { }t j . 

   P(t),  D(t)   ,  

, ,  ,     -

,    ,      

 .        

tΔ =tN - t (tN –     -

).       

  tN ( ,   2  3  

 2    ,      

tN    -      

  jr   ,    -

 -    jd ), : (1)  -

   (U, K)    -

   t   U   , 

           

,   K; (2)    z(tN)  -

     : 

                       z(tN)  = ( )j Nz t = ( ) ( ) ( )j j jz t t S t tδ− ⋅ ⋅ Δ .                            (3) 
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 3.     t   -  

 jd .  ,    j   

  , . .     t  zj(t) = 0. 

 ,      ,   ,   

,        -

. 

 3.      

       2   

( )2 logO n n .       

   2m(n-1) . 

 ,   2   

 ,     1.    -

       -

  ,     

 2     ,    

    1 ( . 4). 

 

 
 

 4.     2. 
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1.2.3.     

 1   2 

       -

    MatLab.       

   ,     -

       ,   

    ,      

,   (U, K),   -

 . 

  ,     

 1   2   O(nm)  O(n2logn). 

         -

,   , (  O(t3n3))  -

      ( . 2), -

       -

   : 

 
 2.      1, 

 2    

    . 

     
 

 
  
 

 1  2   
 

4 10 0.03  0.06  1.23  

8 25 0.11  0.32  14.32  

16 50 0.28  1.36  1090.87  

16 100 1.23  4.86  6311.1  

64 500 3.45  14.6  11 . 

      

 .  

 4.       

  :   -

   ,   . 
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 ,     -

        -

 ,       

,      .  

       

 .     -

         1, -

 2     . 

  (     ) -

    ,    

   ,    -

       

   .   

     , 

,          . 

         

 min ii
r   max i

i
d .     -

 ,         

  ,   –  

      .  -

 ,   ,  -

 16   50 .    -

     (   ,  

  1,   2   ,  -

   )    -

 .       

  : 

max mini i
ii

d r−  < 50,    min ii
r = 0  max i

i
d = 50. 

        

 MatLab.     ,  -

  -     . 3   

    1   2.  -

      ,   
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 (   ).    

    10     

 .     

  ,       -

,    1  2   -

,       .   

, " "        

          . 

   ,   10 

   7 .  -      

 ,       -

        

 .       -

     . 

     -

  25'000.    . 3 ,  

      ,  -

    1   2 -

 : 

 

 3.      

 1   2,     

  .  

 

  %   
 -

 
  
 

 1  2 

4 10 18% 2% 

8 25 19% 3% 

16 50 22% 2% 

16 100 19% 1% 

64 500 17% 2% 
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      (  

      ),  

     1  -

 2 .    –   

2       -

,    1.  ,  , 

      -

  ,      

 2,      1. ,   

,   2     -

,   1 (O(n2logn)  (mn)),    -

      (2(n-1)m  

(n-1)),  2    -

         

    (    – -

 ,    ,    

     ). 

        -

.    ,   

       ,   

      ,  

    .      

       

  ,      -

     .   -

 ,        -

   2,       -

    ,    ,  -

 ,  .  -

 (         -

 )    :  

       

1   2,   (     -

  ,   ,   -
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 -      )  

 " " . 

 

1.3.   .  –  .  

    

      1  -

 2,  , ,     -

    .     ,   

      -

    . ,   

  (      -

        

  Ii,   . 1.2.1)    

  .      -

    (   ,   

       -

 Ii,  )     

 .     ,    

        -

   NP-   (  1),      

  .  ,  ,   

,   ,     -

   ,     

   ,    ,  

         -

   .   

      -

  1   2 ( ,    -

         

,   )   -

     ([38], [39]).    

,  -     -

,     2    -

  1 (2(n-1)m  (n-1)),      
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     2 -

  1,        -

.    ,    -

  Ii   ,  -

 ,   ,   -

    1   -

,     2,   

      -

.      -

 .  

 1.      -

         

,  0Ω >   0Ω > .   

   ,       

     -   -

         -

      ,   -

  / . 

 2.      -

         -

    (    -

 ), . .   i-     -

  
is

ω
  

is

ω
,  ω   ω -  -

  ,    -

  .      -

/  ,       -

       

   , ,   , 

       -

/ . 

 3. ,    -

 1  2.        -

,   ,   , -
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.  ,       i-   

  
is

ω
 + Ω  ,    – (

is

ω
 + Ω ). 

  Ω ,Ω ,ω ω      , 

    1  2,       

,       -

       -

 / ,      . 

    ,     -

 Ω = Ω =Ω   ω =ω =ω ,        

     .  -

  i-        

 Ti (   Ti       

   ).  

,     1   2 

      -

          

     ,     

  (    )     -

   Ii.    

  1   2    -

       -

.         

      ,  

     .  

        

    ,  ,    

        

   ,   .  , 

 k-    z(t)     kZΔ , 

  ,  ,    -

,    ,    . 

        

  :  
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 1: 1( )k k jZ S JΔ =Ω ⋅ .    2: 1
1

( )
( )k k j

k j

w
Z S J w

S J
Δ = ⋅ = .  

 3:  1 1
1

( ) ( )
( )k k j k j

k j

w
Z S J w S J

S J
Δ = +Ω ⋅ = + Ω ⋅ . 

    -   

   i-   (    -

   i-  ).    j. 

 ,  k-    z(t)    -

 kZΔ ,   ,  ,  -

  ,    ,   -

 .       -

       

: 

 1: ( )k kZ S tΔ = Ω ⋅ .   2: ( )
( )k k

k

w
Z S t w

S t
Δ = ⋅ = .  

 3:  ( ) ( )
( )k k k

k

w
Z S t w S t

S t
Δ = +Ω ⋅ = +Ω ⋅ . 

    1   

2 (      )    1 

  2.    3-    -

         

 ,      

 Ii   Ω   ω     1  -

  (       

     ),   

 2.   1
iI

γ
Ω

=    ,  

2
i

w

I
γ =          . -

     Q = (q1 q2),  

    0  1 (q1 = 1,   

1   , 0   ; -
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, q2 =1,   2   , 0, 

 ). 

 

1.3.1.        

     

 1γ    0  0.3   0.01.   -

   6000    

.       

   Q = (1 0),     Q1, 

   Q =  (0 1),    Q2.  

 5.    Q1    Q2  

    1γ . 

1γ  Q1 Q2 

0 225 1004 

0.01 222 343 

0.02 216 208 

0.03 202 153 

0.04 195 112 

0.05 183 110 

0.06 170 78 

0.07 169 76 

0.08 168 72 

0.09 164 65 

0.10 166 52 

0.11 165 56 

0.12 151 43 

0.13 154 43 

0.14 134 47 

0.15 123 48 

0.16 111 30 

0.17 109 36 

0.18 108 43 

0.19 119 28 
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0.20 87 30 

0.21 110 35 

0.22 80 34 

0.23 81 22 

0.24 75 37 

0.25 81 34 

0.26 67 19 

0.27 63 33 

0.28 62 23 

0.29 44 32 

0.30 59 18 

      -

    1   

2     1γ .     -

       Q1( 1γ )  Q2( 1γ ) 

( . 5). 

 
 

. 5.  Q1( 1γ )  Q2( 1γ )   1-   -

         

. 

 

Q1( 1γ ) 

Q2( 1γ ) 
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       -

  1γ ,      -

 1     -

 2  1-      

      .  

    1γ   0.02. 

 

1.3.2.        

     

 2γ    0  0.3   0.01.   -

   6000    

.       

    Q = (1 0),           

Q1,    Q = (0 1),    Q2. 

 6.    Q1    Q2  

   2γ . 

2γ  Q1 Q2 

0 222 1039 

0.01 202 618 

0.02 220 442 

0.03 223 341 

0.04 211 285 

0.05 192 266 

0.06 204 202 

0.07 189 186 

0.08 211 158 

0.09 202 182 

0.10 204 134 

0.11 181 156 

0.12 188 116 

0.13 182 111 

0.14 178 103 

0.15 168 121 
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0.16 176 108 

0.17 167 107 

0.18 165 111 

0.19 170 97 

0.20 175 107 

0.21 165 78 

0.22 155 94 

0.23 159 67 

0.24 175 83 

0.25 157 81 

0.26 167 86 

0.27 143 65 

0.28 150 64 

0.29 162 59 

0.30 152 84 

 

      -

        -

,     -

  1   2     2γ , 

        Q1( 2γ ) 

 Q2( 2γ ) ( . 6). 

       -

  2γ ,      -

 1     -

 2      -

       . -

     2γ   

0.07. 
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 6.  Q1( 2γ )  Q2( 2γ )   2-   -
         

. 
 
 

1.3.3.       -

     

      ,    -

         -

      1γ   2γ .    

      -

 1   2       

    ( 1γ , 2γ ).    

 1Γ  (     1)  2Γ  

(     2),   

        -

 .   

   ,    -

       1γ   2γ ,  

Q1( 2γ ) 

Q2( 2γ ) 
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     «1»  «2»   

 ,        

  1γ   2γ .     -

  ,    -

    –  6000   -

       Q = (1 0)  

Q = (0 1) ( , Q1  Q2).     -

    0  0.15   0.005,    -

  31 31× .     

  ( 1γ , 2γ )  . 8.     

   «1» (   1),  – 

   «2» (   2) ( . 7). 

 
 

 7.  Q1 > Q2  Q2 > Q1    ( 1γ , 2γ )   

3-        

   . 

 

        

      -

 .    , -
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     ,      

 ,  ,    -

   ,  ,  -

    ,     

.    ,     

  ,       -

  ([42]). 
 

1.4.      .  

 –  .    

       

        -

       -

    .    ,  

     ,    

       

         

 .  ,      ,  

         

   .  ,  , 

   -  ,    

       ,  -

       -

  .      

       

     ,    

        -

, . .       

([44],[45]).  

 

1.4.1.   

       -

 ,      -

 ([43]).    . 
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1.4.1.1.      

    n ,   

  ,   maxT .  i (i = 1,…,n)  

 ip ,       (   

    ,    -

    ).    

 i       -

 . ,       i 

    ,   

   ,     . -

   ( 1,..., )it i n= .     -

   ,  ,    -

      R.    

 (   )     -

  .      

     . -

,    ,      

     –  ,  

  ,     .   -

     ,  -

  λ .  ,   , 

     ,   maxT , 

       .  

    ,     

      : -

        -

    .    -

 ,        

. 

1)      -

  : 

                                                           max
1

n

i
i

p T
=

≤ ,                                     (4) 
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 . .        maxT ; 

 

                                                        max i
i

t R≤ ,                                          (5) 

 

 . . ,     ,  -

   ; 

                                                 max
1

min
n

i ii
i

t R T p
=

− ≤ − ,                             (6) 

 . .           

 ,     .  

R−      (6)    -

      ,    -

 ,       -

    ,      

max min ii
T p− .       (4) - (6)  ,  

   .    

        

. 

2)     ,   

       ,   -

-        

  . 

3)       -

  ip ,         

    ,  
minmax iR T p+ − ,  

min
mini ii

p p= . 

4)          

(0; maxT ],       , 

      -

   .     -

 ,     ,   
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         -

. 

 

1.4.1.2.      

     . -

    { }1,..., nB b b= ,   -

      .  

     , -

  n : 

 1.  minnb i= ;
minn iQ t= ; { }nB b= . 

 r.     (r – 1)   -

 2 ,...,n r nb b− + , 2 ,...,n r nQ Q− +    { }2,...,n r nB b b− += . ,  

  i B∉ ,  2i n rp Q − +≤ ,   1 0n rb i− + = , 

1 11 2 n r n rn r n r b bQ Q p t
− + − +− + − += − + ,  0i  ,   -

  
0

maxi i
i B

p p
∉

=   
0 2i n rp Q − +≤ , ( . .    -

  B    0i   ,  

 ,      2n rQ − +   

0i
p ).    i   ,   1 1n rb i− + = , 

11 n rn r bQ t
− +− + = ,  1i  ,  

1
mini ii B

p p
∉

=  ( . .     

    ,     

 B).        B -

  { }1,...,n r nB b b− += . 

   .  

    1   3-   . 

1.4.1.1  Q,     –    

        

   B .     -

    ,    

  Q,     ,   

   ,   

   ,     .  

    ,      -
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  ip   ,    . -

  ,   . 1.4.1.1,  

,     , -

 .    -

 2( log )O n n   (    n,    -

         

B ). 

     

    .  n = 7; Tmax= 40; R = 8;  

p1 = 1, t1 = 3; p2 = 5, t2 = 4; p3 = 7, t3 = 8; p4 = 9, t4 = 7; p5 = 4, t5 = 6; p6 = 8, 

t6 = 2; p7 = 5, t7 = 8. 

 1.     1-  : b7 = 1;  

Q7 = 3; B = {1}. 

 2.  i B∉ ,   7 3ip Q≤ =   ,  

min ii B
p

∉
= 4 = p5,  i1 = 5.  b6 = 5; Q6 = t5 = 6; B = {5,1}. 

 3.  i B∉   ,  6 6ip Q≤ = ,   

0i
p = 5, i0 = 7.  b5 = 7; Q5 = Q6 - p5 + t5 = 6 – 5 + 8 = 9; B = {7,5,1}. 

 4.  i B∉   ,  5 9ip Q≤ = ,   

0i
p = 9, i0 = 4.  b4 = 4; Q4 = Q5 – p4 + t4 = 9 – 9 + 7 = 7;  

B = {4,7,5,1}. 

 5.  i B∉   ,  4 7ip Q≤ = ,   

0i
p = 7, i0 = 3.  b3 = 3; Q3 = Q4 – p3 + t3 = 7 – 7 + 8 = 8;  

B = {3,4,7,5,1}. 

 6.  i B∉   ,  3 8ip Q≤ = ,   

0i
p = 8, i0 = 6.  b2 = 6; Q2 = Q3 – p6 + t6 = 8 – 8 + 2 = 2;  

B = {6,3,4,7,5,1}. 

 7.  i B∉ ,   2 2ip Q≤ =   ,  

min ii B
p

∉
= 5 = p2 (   ,    

B),  i1 = 2.  b1 = 2; Q1 = t2 = 4; B = {2,6,3,4,7,5,1}.  

,       -

     - {2,6,3,4,7,5,1}. 
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1.4.1.3.     

         

1.4.1.2   B.  Ti -   -

  i (i = 1, …, n).      

 1.4.1.1       

  ,   Ti  -

   .   -

        = {C1, …, Cn},  

 Ci (i = 1,…, n)        

{ }2 1 2 2,j j
i iC C+ + ,      

   j-       i ( -

    ,   , j = 

0, 1, 2... –        i).  
0
it -      i      

Ti-1.      . 

 1. 

1.      -

 : 
1

i

i j
j

T p
=

= , 0 10,  T T R−= = − , iC =∅ ,  0 ,  1,...,i it t i n= = . 

 2. 

2.   r = n - 1, ..., 0 :  ( )1 1 0r r rT T t− +− − >   -

  Cr  {Tr – tr+1, Tr}   0
1 0rt + = ;  

( )1 1 0r r rT T t− +− − ≤ ,    Cr  {Tr-1, Tr}    

( )0
1 1 1r r r rt t T T+ + −= − − . 

 ,      -

     0
it , i = 1, …, n. 

 3. 

3.   r =1, ..., n :  

3.1.  1
2r rC T −> , : 

3.1.1.  1
1 2 2;r rT C−Δ = Δ = ; 
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3.1.2.  1 1r r= + .  
1

0 0rt = ,  -

     3. 

 
1

0 0rt > ,    3.1.3. 

3.1.3.  
1

0
2 1rt ≤ Δ − Δ , : 

3.1.3.1.   
1r

C   
1

0
1 1{ , }rtΔ Δ + ; 

3.1.3.2.  
1

0
1 2r rT t−Δ = + , 

1

0 0rt = ;  

                 3.1.3.3.    3.1.2; 

3.1.4.  
1

0
2 1rt > Δ − Δ , : 

3.1.4.1.    
1

0
rt  

 2 1Δ − Δ ; 

3.1.4.2.   
1r

C  1 2{ , }Δ Δ ;         

3.1.4.3.    -

     3;  

 

3.2.  1
2r rC T −≤ , : 

  3.2.1.    2
rC   0

rt ; 

3.2.2.   r1 ≥ r – 1    

1r
T   0

rt .    ,  

maxnT T> ,     -

     -

; 

3.2.3.   0 0rt = ; 

3.2.4.   0
rt     j

iC   

 ,i j  ,  2j
i rC C> ; 

3.2.5.      3. 

     -

 ,      

 ,       -

        .   p1 = 5, 
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t1 = 4;  p2 = 8, t2 = 2;  p3 = 7, t3 = 8;  p4 = 9, t4 = 7;  p5 = 5, t5 = 8;  p6 = 4,  

t6 = 6;  p7 = 1, t7 = 3.  ,  n = 7; Tmax= 40; R = 8. 

1.    T-1 = -8; T0 = 0; T1 = 5; T2 = 13;  

T3 = 20; T4 = 29; T5 = 34; T6 = 38; T7 = 39. 

2.        

 Tr  tr , : 6 = {35, 38}, 0
7 0;t =  5 = {29, 34}, 0

6 1;t =   

4 = {21, 29}, 0
5 0;t =  3 = {13, 20}, 0

4 0;t =  2 = {5, 13}, 0
3 0;t = 1 = {3, 5}, 

0
2 0;t =  0 = {-4, 0}, 0

1 0t = . 

3. ,      ( . . 

    ), ,    

    ,   ,  -

    iT  (   )  

 C     .   

    3.2     -

 ,    6-  (r = 6),     -

   6-   7-     0
6 1t = .     

Tn = T7 = 40 ≤  Tmax = 40,    .  

  . 8.      -

   ,       

  . 

 

. 8.  ,     

.   ,    3.2 

    ,  

    (  2).  
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     .  

 1.      -

      . 1.4.1.1   

  ( )2 logO n n . 

 

1.4.2.   

,    . 1.4.1    , 

      -

        -

        

 ,   ,     

.       

     ([48]).  

        

 ,   ,    -

,   ,  :   

       .  -

       –  

 ,  ,   ,  -

       . -

  ,     ,  

  .   ,  NP-  -

      -

    .    

      -

     . 

 

1.4.2.1.   

  ,   m -

,     js  (j = 1,…,m), 

   jl  (j = 1,…,m)     

jV  (j = 1,…, m).  n ,     , 

  maxT .  i (i = 1,…, n)    
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ip  (i = 1,…, n),  ,      j-  -

  i

j

p

s
,     ( 1,...,  )iv i n= ,  ,  

     j-    i

j

v

l
.   -

  i    j,     -

,       -

.        

   -  .   

  (   )    

   .     -

      . 

 ,   ,    -

   ,    

   ,    ,  

     .     . 

 ,   ,  

    ,   maxT ,    -

    .   -

       . 

       

   :    -

         . 

1.4.2.2. NP-  

 5.   . 1.4.2.1    

 ,    , 

  NP-  . 

   ,   . 

 6.   .1.4.2.1    

 ,    , 

  NP-  . 

 ,  ,     

       -
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       NP-  -

. 

 

1.4.2.3.    

    , -

  . 1.4.1,      .  

        

     ,      

    ,    -

.      -

. 

1.4.2.3.1.        
       

      -

        . -

      -

 B,   m  { }1 ,...,
j

j j j
nB b b= , 

1,...,j m= ,        

   j-  .   jn -  , -

  j-  .     , 

       

(   )      -

. 

     -

  ,   n . 

 m      (   -

 ) m       -

    .   , -

            

        -

   (   ,  -

-          -   

      -
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 ,        -  

       ). 

,        -

 ,    ,    

,   . 1.4.1.     , , 

        ,     -

     ( . .  jn ,  1,...,  j m= ),  

        jB ,    

  ,      

,       ,  

     .   

   m  : 

 j. (j = 1,…, m).  1 0
j jb i= ,  0

ji  ,  

0
minj ii i B

p p
∉

= .  : 0

1

jij

j

v
Q

l
= , 1{ }j jB b= , 

1

j
i

i

B B
=

= ,  

jn  = 1, 0

max

jij

j

p
R T

s
= −  (   1

jQ   jR  .   -

).   ,    0

max

ji

j

p
T

s
≤  

(    )  
0
j ji

v V≤  (   -

 )       .   

-     m     

,         

   , ,     , 

   ,     . 

     ,   

     ,     . 

          

,     ,    

        

 (   ,        

     )    
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      .    

 ,         

     , -

      .     

 . 1.4.1  , ,    

        . 

 r. (r = m+1,…, n).    (r – 1)   -

  : 

jn ,  1,...,j m=  –       j-  

. 

1{ ,..., }
j

j j j
nB b b= , 1,...,j m=  -     

   j-  . 

1 ,...,
j

j j
nQ Q , 1,...,j m=  -     -

   j . ,     -

        ,  

  -   .   ,    -

     . 
jR , 1,...,  j m=  -      -

     j-  .   

,    j  0
ri ,   0

1

rij

j

p
Q

s
−  -

     : 

1) 1,...,  j m=  (   ). 

2) 0
ri B∉  (      ). 

3) 0
ri j

j

p
R

s
≤  (  j     

      ). 

4) 
0
r ji

v V≤   (j-       

       ). 

    j  r
oi .   -

     (    
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 «←»      -

      ): 

 

1
j j

k kb b+ ← , ,...,  1jk n=  

1
j j

k kQ Q+ ← , ,...,  1jk n=  

 1j jn n← +  

 1 0
j rb i←  

  0

1

rij

j

p
Q

s
≥ ,  0 0

1 2

r ri ij j

j j

p v
Q Q

s l
← − +  

  0

1

rij

j

p
Q

s
< ,  0

1

rij

j

v
Q

l
←  

0
rij j

j

p
R R

s
← −  

   . 

  -   r n<  ,   

       ,   

     -

  .       

       . 

    
2( log )O n m n   (    n,      

      -

       O(nm 

log n)). 

 

1.4.2.3.2.    

  ,     -

    , -

  . 1.4.1,     m , -

         

   .    

         . 
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1.4.1       

    .  

 ,     -

       -

        -

      
2( log )O n m n . 

 

1.4.2.4.    

    . 1.4.2,  , -

  ,   ,  

    .   ,   

         

,   ,    ,   -

  . 

   ,    

        -

       . -

,       -

      -

     ,  -

  ,          

  . 

      . 

  ,    -

 .    ,    

       -

.    ,   ,   -

           -

-  ,        , 

        ,    

   ,      .  

 ,    (     

 . 1.4.1 ,     
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        -

 )      -

  .     -

: m = 2 (  ); s1 = 1; s2 = 1 (  -

); V1 = 2; V2 = 2 (   ); l1 = 1; l2 = 1 

(    ); n = 3 (  ); p1 = 3; 

p2 = 4; p3 = 3 (   ); v1 = 2; v2 = 2; v3 = 2 

(   ); Tmax= 5 (    -

). 

,        

   : 

 1. 1
0i  = 1, . . 1 min ii

p p
∉∅

= ; 1 1
1 0 1b i= = .  

            
1
01 1

1
1 1

2
2

1
i

v v
Q

l l
= = = = ; 1 1

1{ } {1}B b= = , B = {1}, 1n  = 1. 

            
1
01 1

max max
1 1

3
5 2

1
i

p p
R T T

s s
= − = − = − = . 

 
1
0

max
1

i
p

T
s

≤  
3

5
1
≤   1

0
1i

v V≤  ( )2 2≤ . 

 2. 2
0i  = 3, . . 3

{1}
min i
i

p p
∉

= ; 2 2
1 0 3b i= = . 

            
2
02 3

1
2 2

2
2

1
i

v v
Q

l l
= = = = ; 2 2

1{ } {3}B b= = , B = {1,3}, 

 2n  = 1.           
2
02 3

max max
2 2

3
5 2

1
i

p p
R T T

s s
= − = − = − = . 

 
2
0

max
2

i
p

T
s

≤  
3

5
1
≤   2

0
1i

v V≤  ( )2 2≤  . 

 3.          

(   , p2 = 4, t2 = 2),  3
0i = 2, . . 3

0i
p = 4. 

  
3
0i j

j

p
R

s
≤      -

 , , , . . 1 2 2R R= =   1 2 1s s= = , 
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4
2

1
>     .  ,   

  ,     . 

  ,  ,      

    ,    

    -      -

  . ,    -

        

     (      

 ,       -

 ,  -  ): 

 
  9.     , -

        

   . 

 . 9      , 

        

    .    

  ,   , 

    ,    -

   .  ,    -

,        

    :  ,   -

.   , ,   ,   

       

   ,      -

   . 

5 

. 2 

. 1 

0 1 2 3 4 -1 -2 

Tmax 
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  ,     

 .       ,  

   .   -

      : m = 2 

(  ); s1 = 1; s2 = 1 (  ); 

V1 = 2; V2 = 2 (   ); l1 = 1; l2 = 1 (  -

  ); n = 3 (  ); p1 = 1; p2 = 2; p3 = 3 

(   ); v1 = 2; v2 = 2; v3 = 2 (  -

 ); Tmax= 3 (    ). 

,        

   . 

 1. 1
0i  = 1, . . 1 min ii

p p
∉∅

= ; 1 1
1 0 1b i= = . 

            
1
01 1

1
1 1

2
2

1
i

v v
Q

l l
= = = = ; 1 1

1{ } {1}B b= = , B = {1}, 1n  = 1. 

            
1
01 1

max max
1 1

1
3 2

1
i

p p
R T T

s s
= − = − = − = . 

  
1
0

max
1

i
p

T
s

≤  
1

3
1
≤   1

0
1i

v V≤  ( )2 2≤  . 

 2. 2
0i  = 2, . . 2

{1}
min i
i

p p
∉

= ; 2 2
1 0 2b i= = . 

            
2
02 2

1
2 2

2
2

1
i

v v
Q

l l
= = = = ; 2 2

1{ } {2}B b= = , B = {1,2}, 

 2n  = 1.        
2
02 2

max max
2 2

2
3 1

1
i

p p
R T T

s s
= − = − = − = . 

 
2
0

max
2

i
p

T
s

≤  
2

3
1
≤   2

0
1i

v V≤  ( )2 2≤ . 

 3.          

(   , p3 = 3, t3 = 2),  3
0i = 3, . . 3

0i
p = 3. 

  
3
0i j

j

p
R

s
≤      -

  , , . . 1 2R = , 2 1R =   1 2 1s s= = , 
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3
2

1
> , 

3
1

1
>        . -

     ,     

. 

  ,      

  ( . .10). 

 

 
 10.     , -

        

   . 

     

     -

       . -

 ,       -

      ,   -

          -

   Tmax (        

   ).     ,  

         

      ,  

      -

. 

        -

       -

. ,       

    ,    -

5 

. 2 

. 1 

0 1 2 3 4 -1 -2 

Tmax 
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  ,   ,    , 

  ,     -

 ,       

,        -

       -

     .    -

  ,    ,  

 :     -

 n   m   (  mn ),  

        

    ,   

.1.4.1 (   ( )2 logO n n ).  

 ,     -

         

    , ,  -

  ,      -

     ,     

    , ,   -

        -

,      ,   

     .   

       -

 ( )1 2 lognO m n n+ ,      -

    ,    

   ,    -

       -

  (   :  –  

,        -

 , j –   ): 

1) maxi
i K

p T
∈

≤ , . .     -

        

 maxT ; 
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2) max i j
i K

v V
∈

≤  , . . ,     

      -

 j ,      ; 

3) max

min1 ii K
i j

i Kj j

p
v V T

l s
∈

∈

− ≤ − , . .     

        -

  j    ,  

   .  j

j

V

l
−      

         

,     ,   -

  (    –    -

 K    )   -

    ,      

max

min ii K

j

p
T

s
∈− . 

      -

     ,  

       -

    ,    -

   . 1.4.1      , 

   mn+1 .  

 ,         

MatLab        

Pentium IV 3.2 Mhz.     

     .   -

  ,       

     (     

),       

 . 
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 7.       -

     . 

    

    

2 20 0.01  2.28 c. 

3 25 0.06 c 457 c. 

4 30 0.09  ~13 . 

6 40 0.14 c >24 . 

8 50 0.26  >24 . 

8 100 0.69 c >24 . 

16 250 3.82  >24 . 

16 500 10.23 c >24 . 

64 1000 257.63  >24 . 

 

  . 7 ,     -

     ,  -

,       -

  .    6   40  

    24 ,      

 ,       

.          

     ,   

      -

    3   25   -

       -

     . 

      ,  -

    ,    -

         maxT , 

   ,  -

     : 

                                         
1,...,

1,...,

max

max

2

i i

i n
j j

j m

p v

s l

T
β

=

=

+

=                                     (7) 
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        -

 
1,...,

1,...,

max i

i n
j

j m

p

s=

=

,       -

     
1,...,

1,...,

max i

i n
j

j m

v

l=

=

.     (7) -

    ,    

          

   ( ]max0;T ,     -

        , 

   . 

    9   100 -

 (   β     0.2  1   0.1) -

  ,     8. 

 

  8.  :   

       

      -

     . 

 

  %   

0.2 3 

0.3 6 

0.4 11 

0.5 15 

0.6 18 

0.7 19 

0.8 23 

0.9 31 

1.0 29 

 

 ,    -

 ,      
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       -

       , -

        

 ,       . 

 

1.5.   .   .  

  .  -   

       -

       -

    ,   -  

      ,  

  ,      

       -

  .   ,  ,   

      -

       , 

    :   

  .       

   ,    

      ,   

     ,     

  ,     -

   (     –    « -

»,   –  ).     

  -        -

    ,     -

    ,   -

   ,     

 ,    ([40], [41]).  

,      ,  -

     ,   -

    ,     

  ,    . 

   , ,     -



 65 

 ,       -

    . 

       -

   ([44], [46]). 

 

1.5.1.   

  ,   m -

,      -

 .      , . . 

       .   

j (j = 1,..., m)   sj    -

 Vj,.  n  ,   i (i =1,..., n) -

  pi,     

( ],i ir d ,    vi,     -

   . 

    ,   ,i ir d  – -

  ( . .        -

     )  

min 0ii
r = , max i

i
d T=  ( . .    T    

).  , sj –   ,  

 j   , . .  ,    

 i,  j   pi/sj  .  -

         

  ,       -

  . ,    -

   j1        -

    j2       -

 (j2 = j1)     j1  j2   

  
1 2j jλ . 

      ,  -

  I  m T m T× × × ,   

1 1 2 2( , , , ) 1I j k j k =        j1  -

  k1        j2   
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 k2,  1 1 2 2( , , , ) 0I j k j k =      

( )1 2 1 21 , ;  1j j m k k T≤ ≤ ≤ < ≤ . 

      -

,         -

,  ,      . 

 

1.5.2.   

      -

   N = (V, E),  V – , E –  

( . 11). 

   V(N)  : 

1) n  u1, u2,…,un   . 

2) n  w1, w2,…,wn   . 

3) T  (   m  )  -

   .      

( ), ,  1,..,  ;   1,..,  k k
j jx y j m k T= = .     1  T. 

 ,  2 2V n mT= + . 

    .   E(N)  : 

1) ,   ( ),k k
j jx y     T . 

2)  ( ), k
i ju x , ,   i  ui  -

  ,  1,...,  k
jx j m= ,  ( , )i ik r d∈ . 

3)  ( ),k
j iy w ,    i  wi   

 ,  1,...,  k
jy j m=  ( , )i ik r d∈ . 

4)  ( )1 2

1 2
,k k

j jy x ,   i    1

1

k
jy  

 2

2

k
j , ,  k1 < k2  1 1 2 2( , , , ) 1I j k j k = , ( )1 2, ,i ik k r d∈ , 1 2, 1,...,  j j m= . 

      N = (V, E) -

  . 11.  ,    N  ( ), k
i ju x   

( )1, k
i ju x +   ,   i     -

 j   k- ,    (k+1)-  ,    ( ),k
j iy w   
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( )1,k
j iy w+  ,    i     k- ,  

   (k+1)-  .   ( )
1 2

1,k k
j jy x +  ,  -

    j1   k-      

   j2   (k+1)-  . 

  .   1-   – mT. -

          

 mT ( ,       

 T ).     n,   -

    ,  nmT.     -

   ,      

  nmT.      , 

      ,  -

 .   mT . ,    

   ,       

    (0, T)     

 ,       

( . . k1 < k2).     ( )1m T − .  , 

 ( )2 1m T T −  .        -

   ,      -

 ,    ( )21
1

2
m T T −   4-  .  

 ,        -

 ( ) ( )21 1
1 2 1 2 1

2 2
m T T nmT mT mT m T n− + + = − + + , . . 

( )
1

1 2 1
2

E mT m T n≤ − + + . 

   N   :  -

      .   

    1.    -

   ( ),k k
j jx y   js ,   ( )1 2

1 2
,k k

j jy x -  
1 2j jλ− , 

   ( ), k
i ju x  ( ),k

j iy w  -  0. 
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. 11.  N.  

 

 

 

 

… 

… … 

… 

… 

… 

… 

… … 

… … 

2
2y 2

3y2
1y 2

jy 2
my

2
2x 2

3x2
1x 2

jx 2
mx

… 

… 

ky 2
ky 3

ky1
k
jy k

my

kx2
kx3

kx1
k
jx k

mx

1
2y 1

3y1
1y 1

jy 1
my

1
2x 1

3x1
1x 1

jx 1
mx

2u 3u 4u iu nu1u
… … 

… 

2w 3w 4w iw nw1w

… Ty 2
Ty 3

Ty1
T
jy T

my

… 
Tx2

Tx3
Tx1

T
jx T

mx
… 

… 

… … 
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. 12.    N. 

     ,   n 

 ,   i-      ui   

    wi  (i = 1,...,n).      

 .    i-  

    N  : 

1)    ( ), k
i ju x  -    i (   k); 

2)   ( ),k k
j jx y  -   i  j  -

 k; 

3)   ( )1 2

1 2
,k k

j jy x -    i -

 1j    1k       2j    2k ; 

4)   ( ),k
j iy w  -    i (   k). 

   i -     ( ),k k
j jx y    

  ,  sj  (   -

  j-     ).     -

 ( )1 2

1 2
,k k

j jy x ,       

,      
1j

λ  (  1j  –  

,    ).     

  ( ), k
i ju x   ( ),k

j iy w      . -

iu

iw

1k
jx +

k
jy

1k
jy +

k
jx

k
ry

1k
rx +

1k
ry +

k
rx
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   i-     (a, b)  ( ),if a b . -

,     ( ) { }, 0,1if a b ∈    a, b,  i.  

,   ,   . 12, 

( ) ( ) ( )
1 1 1 2 2 2

1 1 1, , , 1i k k i k k i k k
j j j j j jf x y f y x f x y+ + += = = ,   k-   (k+1)-   

    j1  j2    i 

 
1 2 1 2j j j js s λ+ − . 

 7.    . 1.5   NP-

. 

 

1.5.3.       

  

    , -

       -

       -

,   ,     . 1.5.2   N  

([45], [47]). 

 2.        

,    N   n-  ,  

 : 

                   ( ) ( )1 2

1 2 1 2

1 2 1 2 1 2, , , , ;

, ,k ki k k i
j j j j j j j i

j k j j k k k k

f x y s f y x pλ
<

− ≥                        (8) 

  1,...,  i n= , . .    i-   -

   ip ; 

                     ( ) ( )1 2

1 2 1 2, , : 1

, ,
n

r ri i k k
j j i j j i j

i r r r k r i

f y x v f x y v V
< < =

+ ≤                         (9) 

   j = 1,…, m; k = 1,…, T,  . .     -

     . 

     ,   

        : 

T = 5; n = 3; m = 2;  s1 = s2 = 1;  p1 = p2 = p3 = 3;  r1 = r2 = r3 = 0;  d1 = d2 = d3 

= 5; 12λ = 21λ =1;  1 1 2 2( , , , ) 1I j k j k =    1 21 , 2j j≤ ≤ ; 1 21 5k k≤ < ≤ ;  

v1 = v2 = v3 = 1;  V1 = V2 = 1.   . 13    N  
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 ,    ,    -

 1. 

 

 
. 13.    N,      

  . 

      
1 1 2 2 3 3

1 1 1 1 1 1 1 1u x y x y x y w− − − − − − −      3, . .  

         -

    .    

    1 1 2 2 4 4 5 5
2 2 2 2 2 1 1 1 1 2u x y x y x y x y w− − − − − − − − −    

  2 1 2 3− + = , . .     

   ,     -

,       . -

       

    4   -

,        ,   

    3 .   

    3 3 4 4 5 5
3 2 2 2 2 2 2 3u x y x y x y w− − − − − − −    

  3, . .     -

  ,         -

  .  ,  (8)  1 

.  ,       

 (9)  1   0,    1,  -

3
2y  1

2y  
2
2x  2

2y  3
2x  

1
1x  

4
2x  4

2y  5
2x  5

2y  1
2x  

1
1y  

2
1x  2

1y  3
1x  3

1y  4
1x  

4
1y  5

1x  5
1y  1

1x  

3w  

2w  

1w  

3u  

2u  

1u  



 72 

 (9)  .  ,   

    
11122

22333
A = . 

1.5.4.    

,  ,        

      -

     N       

   .       0 

 1,        

    ([15, 16]).  

        -

    ( )( )3.5 3 5 logO l r q rDU ,  l –  

, r –   , q –   , D – -

    , U –  

    ([16]).    

l n= , 2 2r n mT= + , ( )
1

1 2 1
2

q mT m T n= − + + , max i
i

D p= , 1U = . -

 ,       

     

( )( ) ( )( )( )6.5 5 5 3.5 8 8 5 5 5 log 2 1 max i
i

O n m T n m T m T n m T p+ + + .  

 ,     

      NP-   

       -

      ,  -

       -

   ,    -

 . ,    

 ,     -

        -

   .      

       -

   EDF,   . 1.3. 
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1.6.   

       -

        -

          -

.        -

         

 ,  ,      -

 ,      

   .  

 

1.6.1.      

 [18]        -

       -

.       -

     . 

 

1.6.1.1.   

 n ,      -

   ir      id , . . 

  Ai = ( ir , id ], i = 1,...,n,    

ip , i = 1,...,n.  m    

 sj, j = 1,…,m.   ip     

    sj   tij = ip / sj.  -

        

   ,      

   .     -

       .  -

    . 

    (s1,...,sm) -

    ,    -

    . 

 

1.6.1.2.      
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 0 1 ... kτ τ τ< < < -    ir   id , i = 1,…,n, 

( ]1;l l lI τ τ−= , l  = 1,…, h.  lδ -   lI .   

,  i    ( )   -

 t,  it A∈ . ,     lI   

   .   , 

  i    lI ,  l iI A⊆ .  , -

    Ai = ( ir , id ]   

 lI .   lI     -

  ,     -

 Ai.     ,   lI  (l  = 

1,…, h)   .  

     N, . . N = {1,…, n}. 

   [4],     -

     ,     

jN N⊆   : 

( , )
1

j

j

h

l k l N i
l i N

S pδ
= ∈

≥  ,     (10) 

 k(l, Nj) = min(m, m’), m’ –   ji N∈ ,   -

 lI , 
1

k

k i
i

S s
=

= , 1 2 ... ms s s≥ ≥ ≥ . 

 D(i) ( i N∈ ) –    lI ,   

 i .   1 21 l l h≤ ≤ ≤    -

: 

{ }
1 2 1 2

1 ,...,l l l lI I I= , { }
1 2 1 2

2
1 1 1,..., , ,...,l l l l hI I I I I− += , 

{ }
1 2 1 2

1 1: ( )l l l lN i N D i I= ∈ ⊆ , { }
1 2 1 2

2 2: ( )l l l lN i N D i I= ∈ ⊆ , 

1 2 1 2
1
1 2

1 2

1 1

1
,  ( )

   
l l

l l l l
i N

l l

N D i I
N ∈

=
=

∅

, 

1 2 1 2
2
1 2

1 2

2 2

2
,  ( )

   
l l

l l l l
i N

l l

N D i I
N ∈

=
=

∅

. 



 75 

  ,  ,   

 [1],  ,      

        ,   

(10)    l1, l2 ( )1 21 l l h≤ ≤ ≤     

1 2

1 1
l lN N⊆ , 

1 2

2 2
l lN N⊆ ,   

1 2
1

1( ) l l
i N

D i I
∈

= , 
1 2

2

2( ) l l
i N

D i I
∈

= .  -

      (10)  -

 Nj ,  j     J. -

,  2 1nJ ≤ − ,   ,    -

 [1], ( 1)J h h≤ + .   (10)  : 

               1 1 2 2 ... ,j j j j
m mk S k S k S Q j J+ + + ≥ ∈ ,  (11)  

 
: ( , )j

j
i l

l k l N i

k δ
=

=  (i = 1,…, m); 
j

j
i

i N

Q p
∈

= . 

,  

1 2 ... mS S S≤ ≤ ≤ .      

 

 7.  (11)     ,  

 

1

max
...

j

m j jj J
m

Q
S

k k∈
≥

+ +
,      

1 1

1

...
max

...r

j j j
m m r r

r j jj J
r

Q k S k S
S

k k
+ +

∈

− − −
≥

+ +
,  

 { }1, ... 0 ,j j
r rJ j J k k= ∈ + + ≠   r = 1,…, m -1. 

 

 8.   

Sk = s1 + s2 +…+ sk  (k = 1,2,…, m).     

 

 ,     S1, …, Sm   

  s1, …, sm, ,  

1 2 ... 0ms s s≥ ≥ ≥ ≥       

 

    : 

 



 76 

1 20 ... mS S S≤ ≤ ≤ ≤ , 

1 22S S≥ , 

1 12 r r rS S S− +≥ +  (r = 2, …, m -1). 

 

   

                          s1 = S1, sr = Sr – Sr-1   (r = 2,…, m).    (12) 

 

 ,    7  8 ,   -

    -

     S1,…, Sm,   

 : 

1

max
...

j

m j jj J
m

Q
S

k k∈
≥

+ +
    (13) 

1 1 1 1
1

1

...
max max ,

... 2r

j j j
m m r r r r

r r j jj J
r

Q k s k s S S
S S

k k
+ + + −

+
∈

− − − +
≥ ≥

+ +
,      (14) 

r = 2, …, m -1 

1

2 2
2 1 2

1

... 1
max max ,

2

j j j
m m

jj J

Q k s k s
S S S

k∈

− − −
≥ ≥    (15) 

       -

 (13)-(15)    ( )1,..., mS S ,    (12) -

   1,..., ms s .    -

  ( ,    

)        -

  . 

 

1.6.2.      

 . 1.6.1       

    ,   -

   (s1,...,sm)    

    .    -
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      -

       . -

    . 

 

1.6.2.1.   

 n ,      -

   ir      id , . . 

  Ai = ( ir , id ], i = 1,...,n,    

ip , i = 1,...,n    ,     -

     iv , i = 1,...,n.  m -

    sj, j = 1,…,m   

  jV , j = 1,…,m.   ip    -

     sj    

tij = ip / sj.        

     ,    

     .     

(  -   )  -      

         . 

        

   .    ,  

         -

 .     ,  1 ... nv v≥ ≥  

 1 ... ms s≥ ≥ . 

    (s1,...,sm,
1,..., mV V ) -

    ,    

    . 

 

1.6.2.2.      

 0 1 ... kτ τ τ< < < -    ir   id , i = 1,…,n, 

( ]1;l l lI τ τ−= , l  = 1,…, h.  lδ -   lI .   

,  i    ( )   -

 t,  it A∈ . ,     lI   
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   .   , 

  i    lI ,  l iI A⊆ .  , -

    Ai = ( ir , id ]   

 lI .   lI     -

  ,     -

 Ai.     ,    

lI  (l  = 1,…, h)   .   

     N, . . N = {1,…, n}. 

  ,    -

 1,..., ms s   
1,..., mV V   ,    -

    .    

      

. 

 9.      -

      -

     . 

        

      

     E  (n m× ), 

  1ijE = ,  i -      j -  

 (   j iV v≥ ),  0ijE =    .   

   ,  E    -

:  -   j    

 i    iv ,   ,    -

     i′ ,  i iv v ′≥ .   1ijE = ,  -

 1,  1,...,kjE k i n= = + .    -

  ,        

      (   -

   ).      

   : 

 

1, 0,  1,..., 1;  1,...,ij i jE E i n j m+− ≤ = − =              (16) 
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1
1

1
m

j
j

E
=

≥       (17) 

   E′ ,     

    E  : 

1) 1 1j jE E′ =    j = 1,…,m. 

2) 0ijE = ,  0ijE′ =   2,...,i n=  1,...,j m= . 

3)  1ijE =   1, 0i jE − = ,  0ijE′ =   2,...,i n=  1,...,j m= . 

4)  1ijE =   1, 1i jE − = ,  1ijE′ =   2,...,i n=  1,...,j m= . 

 ,     E E′− ,   

   ,    ,  

   –   ,     

     ,   -

   .   ,   -

    E    

       

  

 

( )E E′−
T

V= v      (18) 

 

 V- ,     -

 1,..., mV V , v – ,   -

    1,..., nv v . 

       

  :  n = 4, 1 2 3 47,  5,  3,  v 2v v v= = = = . 

  3 .      -

,    ,   -   ,   

 –  .   ,   

 

0 1 0

1 1 0

1 1 0

1 1 1

E = ,        

0 0 0

0 1 0

1 1 0

1 1 0

E′ = ,         

0 1 0

1 0 0

0 0 0

0 0 1

E E′− =  
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 (33)  : 

1

2

3

7
0 1 0 0 5

5
1 0 0 0 7

3
0 0 0 1 2

2

V

V

V

= = , 

  1 2 35,  7,  2V V V= = = . 

 [3]      -

       -

 ,    .    

  [19]  ,      

  lI      ,   

  : 

                       1 1 lq s δ≤                          (1-  ) 

                  ( )1 2 1 2 lq q s s δ+ ≤ +         (2-  ) 

                                       (19) 

             ( )1 2 1 1 1... ...m m lq q q s s δ− −+ + + ≤ + +        ((m-1)-  ) 

                ( )1 2 1... ...r m lq q q s s δ+ + + ≤ + +             (m-  ) 

 1 ... rq q≥ ≥  -   ( r n≤ ),    

      lI .  -

    (     ,  -

      -

       (16) 

- (18)),     (19)   -

  ,  ,    

      .   1 ... ru u≥ ≥  

 ,      r , -

     lI ,   

   iq      .  

 lF    r m× ,      

E,       lI .  

    ,     
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       ,   -

  : 

1 1
1

m
l
j j l

j

F s qδ
=

≥    (1-  ) 

2 1 2
1

m
l
j j l

j

F s q qδ
=

≥ +       (2-  ) 

                                                                                                                (20) 

1
1

...
m

l
rj j l r

j

F s q qδ
=

≥ + +      (r-  ) 

 ,       

N    -     -

  ,      -

 jN N⊆     . ,   -

  jN ,        -

 lI    (19)  (20),    -

        lI ,  

1,...,l h= .           -

     jN   ,   
j

i
i N

p
∈

. 

   (19)  (20)    -

  : 

( ),

1 1

k l N j

j

h

l i i
l i i N

s pδ
= = ∈

≥     (21) 

( ),

( ),
1 1

k l N j

j

j

h

l g N i i i
l i i N

E s pδ
= = ∈

≥     (22) 

 ( ) ( ), min ,jk l N m m′= ,  m′ -   ji N∈ ,  

  lI . ( ) arg min
j

j i
i N

g N v
∈

= ,      -

  ,      -

 jN .     ,     -
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  n ,       -

  1 ... nv v≥ ≥ .  

 3.  ,     -

 ,   .1.6.2.1,  -

 ,   ,    

  :  

( ),

( ),
1 1

k l N j

j

j

h

l g N i i i
l i i N

E s pδ
= = ∈

≥   (  jN N⊆ )  (23) 

1, 0,  1,..., 1;  1,...,ij i jE E i n j m+− ≤ = − =    (24) 

1
1

1
m

j
j

E
=

≥       (25) 

( )E E′≥ −
T

V v                        (26) 

 

 V- ,     -

 1,..., mV V , v – ,   -

    1,..., nv v ; lI  -    

      , h – 

  , lδ  –  ; ( ) ( ), min ,jk l N m m′= ,  

m′ -   ji N∈ ,    lI . ( ) arg min
j

j i
i N

g N v
∈

= , 

       ,  -

     jN .  E   

n m× ,   { }0,1ijE ∈ .   E′    -

  E,       -

   E  : 1 1j jE E′ =     

j = 1,…,m; 0ijE = ,  0ijE′ =   2,...,i n=   1,...,j m= ;  1ijE =  

 1, 0i jE − = ,  0ijE′ =   2,...,i n=   1,...,j m= ;  1ijE =   1, 1i jE − = , 

 1ijE′ =   2,...,i n=  1,...,j m= . 

        

 (23)-(26)    
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( )1,..., ms s      E,    (26)  -

  E′      -

 1,..., mV V .      ( -

,      -

   )      -

     

( ),           -

,     (23)   -

  ij kE s .   ,      

   –    (  ijE ). -

        

,       , ,  

[20]  [21]. 
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 2.   

      

         

 

      -

   .   

      

 .   -

    ,     -

       -

 .     -

  .    -

       -

 [50, 51, 1, 52].       -

    .    -

         

        ,  

       

 . 

      

    ,   

      

      , -

    .  -

   ,     

  .  

       

    , , -

,    [53]   -

    70% (     -

)    . 

  ,      

      -

,      -
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.       -

     ,  

        

 .      

     –  -

 . 

    ,    -

      -

 ,    . 

     -

       -

 .      , 

        -

  . 

     : 

-     -

     ,  -

     ;  

-        -

       ; 

-        

        

   ; 

-      -

       -

    ; 

-      , 

  ,     

,    ; 

-     

     ,  -

        

    . 

 . 2.1    . -

 ,     .  . 2.2 -
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      , -

  .     -

 ,     -

  ,      .  

     ,   

        -

. . 2.3  ,    

:   ,   

.  . 2.4      -

 .  . 2.5    

    .  . 2.6 -

    .  . 2.7 

      -

,   ,    -

 .    

  [42, 104, 105, 108,  109].   

 

2.1.       

2.1.1.  

  ,    -

   ,     

,     .  -

       P={ 1,..., mP P }.  

       -

,      ,  

  ,     ,  

  .       

      S = {T, || ijτ ||} -

 : T = {T1, …, Tn}   ,  -

; || ijτ ||      

n m× ,  ijτ >0     Ti 

( ni ≤≤1 )   Pj ( mj ≤≤1 ).  , ijτ ∞= ,  

 Ti       Pj,    -
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 i ,   ,  j,  ijτ <∞ .  , 

   , iτ     -

 Ti   .     -

  ,    ,  

   : 
1
max{ ( )}j

j m
B f S

≤ ≤
= ,   ( )jf S  –  

    j-  . 

 ,  ,    

 ,     -

 ,      . 

 

2.1.2.       

 ,      , -

     : 

( )
min 

max max min ;  
ijj

i
ijji

B
m

τ
τ=  

2.1.3.    

 [54]      , 

     .  S –  -

   (  , ,  -

).   T(S)        

 , V(S) – ,   , T0 

 V0 –    ,    -

.  ,      

 ,        -

. 

0 0( ) ,             ( ) .T S T V S V≤ ≤  

  [55]     -

  ( , )     -

    .   

[56 - 58]   ,   

     . 
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2.2.       

   .    [59 - 61] -

     -

     ,   -

       

.  

     -

   [62]:    ,   

   ,      

,    ,   

,   .   -

  ,      

   [63 - 65]. 

 .  -

 –       -

 .       -

  .   ,   

  ,    [66] (  -

 )  [67].  

 .     

       

    .   

      . 

       -

  [68].       -

      [69]. 

   .       

    [70]  1960 .     -

  .     

   “  ”    , -

,    [71],    [72].  

  .    -

      – , 

        -
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 .  ,   -

         -

 ,   [2].   [73] -

  100       -

   ,    -

 .     :  -

    ,   

   . 

      -

,  , ,   [74]. 

   [75, 76].     -

 ( )   .  –   -

       -

 .     :   -

        , 

     ,  -

      . 

  –    ,   -

   .    

    ,   

  (  ) ,   -

   .  ,   -

    ,   

  ,  .  

   ( - ).   -

   [77]  : "  -  -

         -

 , , ,     -

          

,       .  -

   .     -

  ,   " -

",       -

 ".       -

     [78]. 
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 .     -

,         

  .     -

        -

 . , ,  [79]   -

        . -

        -

.        -

    [80, 81],   -

        

. 

   .    

   ( )   -

 ( )   [34]  [35].     

      [82 - 84].  

 : ,     

  .     -

 .       

,      .  

 [85]      -

    .   
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2.3.1.  «     » 

      .  k-  

   (   k)    -
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 .  ,   j -

 1( )j

k kjB τ
−
+ ,  1

j

kB
−

 –    , -

  j-     k-1 .  

    O(nm).   

 ,     n  (   )  -

 m  (    )  m-1 -

 (     ). 

 

2.3.2.   

 [100]     ,   

     -

      

,     .  -

        

  ,    -

 ,     -

  .   -

    . 

      

.      C,    [0,1],  ijc ∈   

 p = (p1, p2, …, pm), jp ∈ℜ , i=1,…,n;  j=1, …, m.  -

    q = (q1, q2, …, qm) (  ), -

 « »  p   ,    -

  ( )C p q• −  .  ,    

  q      
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1

( )
m

i ij j j
j

c p q
=

Δ = − .     ,  

pj∈ [0,1]   j.     -

.     ,    

1

( )
m

i ij j j
j

c p q
=

Δ = −   pj   j    [0, 1]. -

,    pj     -

  ,      (  ).  

  qj   pj.     -

,    .   qj 

    pj     

  q.  [100] ,    -

 q,  ( ,  1/ 2 )i i is D s nΔ ≤ ,  
1

m

i ij j
j

s c p
=

= ,   D -

 : 
1/ 2

ln1/
( ,  ( 1)

x
D m x) e

m
≤ −   ln 1/m x> ;  

ln1/
( ,  )

ln[( ln1/ ) / ]

e x
D m x

m e x m
≤    ln 1/m x≤ .    -

 (    )  -

 . 

      -

 .     . 

                  
1

1,
m

ji
j

x
=

=  i = 1, …,n,                                                            (1) 

                
1

,
n

ji ij
i

x Bτ
=

≤  j =1,…,m,                                                         (2) 

                          {0,1},jix ∈                                                                    (3) 

                      Z=B → min.                                                                         (4) 

   .  {0,1}jix ∈   

 ,     Ti   Pj. , 

 xji= 1,      Ti  -

   Pj,  xji= 0,   Ti    

  Pj.    (1) ,    

  ,      xji 
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,         

(   ).  (2) –     

,   (4) ,      

 . 

,    p     

   xji, , ,      -

 .      -

 ,   [0,  1]jix ∈ , ,  -

 - .      xji
*. -

     x ,  

xji
*,   P( 1jix = ) = xji

*     (1).    

 .     || jix ||  

:   j     jix   i 

 1  n,  jix   1   xji
*.    

 jix ,   ,   1,  -

   (      j)  

 0.  

    . -

       -

  O(nm).    ,   

   Ti,  m   

  : jix    1   

xji
*.  ,      m   

  jix     1,  

( )1
1 1

(1) 1 * 1 1
m

ji
j j

P x
m m

= − ≤ − = −∏ ∏ . 

 ,   k       -

,  

( )1

1
( ) 1 * 1

k mk

ji
j

P k x
m

= − ≤ −∏ . 
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  ,      k 

 n    (   i   j,  

1jix = ),   

( ) 1
( ) 1 1 * 1 1

n nk mk

n ji
j

P k x
m

= − − ≥ − −∏ . 

 . 1      Pn(k). 

      k  10  -

    ,     -

  . 

 
. 1.   Pn(k) 

 

 ,   Pn(k)   

   O(nmk). 
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1

min
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i
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→
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→ ,  
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(0,..., ,...,0)i ikp τ
→

=  – m-  .    

),...,,( 21 maaaa =
→

  k
k

aa max=
→
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«   ».   ,  «   

»      -

:     (0,..., ,...,0)i ikp τ
→
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 Ti,  k –  ,     . 

      

       , 

     ,     

               -    

 
. 2.    -

 

     . 

       

.       

,    –    .   

        -

     . , 

,  ,   . 3,   -
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   1    -

   ,      2 -

 ,       -

 .     11τ   12τ .  -

    ,    

 « »        

  .    ,  

   .  . 3     

  ,     , 

  – ,       

. 

 

 

 

. 3.     

 

2.3.3.2.       

 ,   ,  

 .   B,    

 .  B  , ,   

     .   -

 m-     B (   ). -

   ip
→

,     

1

n

i
i

p
→

=

   B.    ip
→

   

 ,     Ti,   
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 m-  ,      l-   

,    m-     B 

( . 2).    ,     -

 .    . 

1.   m  m-  :   

( 11τ , 0, …, 0), (0, 12τ , …, 0), …, (0, 0, …, m1τ ).   l = 1,   

  . 

2.      ,   -

 m-     B.  l = n,    . 4. 

     . 3. 

3.    l = l + 1.       (a1, a2, …, am),   

   l – 1,       

    (a1+ 1lτ , a2, …, am), (a1, a2+ 2lτ , …, am), 

…, (a1, a2, …, am+ lmτ ).   . 2. 

4.   .     -

 ,    .  

 . 

 ,     -

    ,   B,     

. ,    2 ,   -

    ,  , . .     

,     .  

   ,      

O(m)    m-   (  O(m2) -

),    2  3       

m-     O(m) .   

         -

   m-     B ( . .   

(B+1)m    ),    

 1-3   O(m2(B+1)m).   4 -

         

(a1, a2, …, am),   max k
k

a   .   -

     (m-1) ,  

     O(m2Bm). 
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    m   -

    O(Bm). 

 

2.3.3.3.       

      -

       . 

    ,   m-

    B,   , -

  .    -

 ,    .  

      B: ( B , B ),  

 ( )
min 

max max min ;  
ijj

i
ijji

B
m

τ
τ= ,  B  – ,  -

-    ( ,   ).  -

  B1=( B + B )/2,     

   .      

   ,     -

     B2=(B1+ B )/2,   

   B2=( B +B1)/2,  . .  ,   

 .       

    ,       -

,         -

  (    -

).      , 

         (  -

 ),       -

.         

    ,    -

. 

     -

          -

 2.5. 
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2.4.   

   ,    -

        -

   (     

  )     , 

       -

          -

  .   -

   . 

 

2.4.1.   

    S = {T, || ijτ ||} 

(i=1,…,n)     S’ = {T’, || kjτ ’||} (k = 1, …, l) 

    Ti, Tj ∈ T   Tk’∈ T’  

,    -

 . 

    S  S’  

 : 
1 1

'
n l

ij kj
i k

τ τ
= =

=     j.   -

  S’ = {T’, || kjτ ’||}        -

     S = {T, || ijτ ||}   

 S. 

 ,      

  .  

1.       -

    T    -

 T*i (1 i s≤ ≤ ),  T*i=T.    S*i={T*i, 

|| kjτ *i||}. 

2.     S*i    (  -

)    ( ) . 

3.     .2  -

      S, -

  S’ ,     Tk’∈T’ -
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Ti∈T. 

4.   S’    (  ) -

   ( ) . 

5.     (    -

 ),    . 7. 

6.    1 – 5  (N-1)- ,  N  -

  .    S’(N). 

7.      -

    S’(N),     

Tk’
(N)
∈T’(N)      . 

       

:      -

   ,   -

,  ,      

      .  

 . 4       -

  22   4    -

 N=2 ( . 4 )  N=1 ( . 4 ).    -

 ,   –      

    (   ), 

  –  ,  – -
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       -

  .     -
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   ,   

[101],      .  N = {1, 2, 
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    cij≥0,  .  

ij i jc τ τ= − .  cij      

( )ij n nC c
×
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     N  -

  S1, S2,…,Sk, k≥2: 

1

min max
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i

i j

i

S N

S S i j i j k

n S n i k

=
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=∅ ≠ =

< ≤ ≤ =
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min maxk n n k n× ≤ ≤ × . 

  S=(S1,S2,…,Sk),  -
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   S0 = (S0
1, S

0
2, …, S0
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0( ) min ( ).

S
S sϕ ϕ=  

     )(sϕ . -
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1 2
1

1 2
1
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( , ,..., ) max ( ),

k

p k p i
i

p k p i
i k

S S S g S

S S S g S

ϕ

ϕ
=

≤ ≤

=
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    ( )p ig S  : 

)   j∈Si  r(j)≠ j, ,  

, ( ) 1 , ( )min , ( ) ;
i

i

j r j jr i j r jr S
j S

c c g S c
∈

∈

= =  

) 2 ( ) max ;i tjg S c=  



 104 

) 3 ( ) max min ;i tj tjg S c c= −  

) 4

max
( ) ,min 0; , , .

min
tj

i tj i i

tj

c
g S c j S t S j t

c
= > ∈ ∈ ≠  

    ,  -

 : 

1.        -
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  . 

2.        : 
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max | |
i

l p

k

l p
T T Si

δ τ τ
∈=
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 «  »       -
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 ,    ;    -
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  ,     -

   .    « » –  

O(m).     :   -

    (  )    

,      (  

),         
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  O(n log n). 
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  ms   m ,  

        -
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,  ,    -

  . 
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2.5.2.   
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 . 

 

 5.       -

 ,   ε,  -

 ,  
*

1
*

B B

B
ε

−
= ≤ ,  B –  , 

  , B*–   . 
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  2  3».       

    .  

        -

 ,        

      -
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2.6.2.     

   ,   -

   ,  ( ,  

,   [91, 96])  . 

1.   W  (     -

       ). 

2.   b (      

 ). 

3.     q (  -

,      -

).   

4.      : 

Tq (     q )   T1  (  -

  ).  ,  T1 

 W. 

5.    T   (  , -

     ).  -

,       -

    .   -

 T     q        -

 T1. 

6.   T  (  ,   

        

  (      ,  -

  ).       -

   ,    ,   

T   + T  = q × Tq. 
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7.    1
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1 1

1q
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Tq T q T T
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= = = =
× + +
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      -
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    ,  -
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   W    q -
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 Intel Hypercube  [93]).  ,   q 
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 ( . .     ) 

  W.   W    q -
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    ( ,   

        [91],  
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      -

     .  
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 .    f(q)  -

,  W     f(q)   -

 ,     –  -

.  

 [93]     -

        

 ( , ).       -

    -

         

     – -

 . 
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  .     -

     (   

   ,    

( )
min 

max max min ;  
ijj

i
ijji

B
m

τ
τ= ).     

   ,    -

   . 

- ,     -

    ,   . 

    ,     -

     ,   -

 ,    . 

-   (    )  

    . ,  -

    ,  , -

    (   ).  

-  ,       

q,        n0 + 1,  -

        . 

 q     (  

 ,  X=q)    

     . -

       -

     .   -

         

  (    ).  

     .  -

,         -

   ,     



 114 

     -

    (      -

 -    )  ,    

   q  .     

     ,   

         . 

 ,   . 

      -

      .   

    ,  -

      . 

      

.    : 

T  = U  × N ,  N  –    -

   ;     
0 02 ( ( ))n n nN q m m qα− −= × + − . 

    2    ,  

       

    .     

 ,      -

  .  α  –   -

   ,   

 ,       

.      ,   -

        

  ,      

  .   ,  , 

  
0

0 0

0 1
2 ( ( )) 2 ( ( 1) )

n
n n n

n

m q
N q m m q q W

m
α

α

− −

+ +

−
= × + − ≈ × + + . 

    (  ,  

      -

 )   
0n n nT U q m U m U W−≤ × × = × ≈ × . 



 115 

     E: 

0

0

0

0

1

1

1

2 ( ( 1) )
1

.
2 ( ( 1) )

n

n

n

n

E
m q

q W U
m

U W

U W
m q

U W q W U
m

α

α

+ +

+ +

=
−

× + +
+

×

×
=

−
× + × + +

 

    E  
0 0

0 0

1

1

2 ( )

( 1) 2 ( )

n n

n n

EU qm m q
W

U m E EU m q

α

α

+ +

+ +

+ −
= −

− + −
. 

    ,   -

  ,   , 

      , -

 0nm q≈ .   ,  

0

0

1

1 1(1 )

n

n

qm E E U
W q

U E UE m
U

α

α

+ +

+ +

≈ =
−−

. 

 , W    q.  . 6  -

      -

   .  

E =0.75

E =0.82

E =0.86

E =0.91

E =0.96

0

10

20

30

40

50

60

70

80

0 10 20 30 40 50
  q

 
 

W
, 1

00
0

 
. 6.    



 116 

2.7.   

2.7.1.   

     -

.       

    AMD Athlon XP 2800+.  -

       -

   Java  C++.  

: B1 –   ;  

( )
min 

max max min ;  
ijj

i
ijji

B
m

τ
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      T,  

    :   -

 , ,       

   ,      

  ,        -

    ; Δ= 1 100%
B B
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−
×  – -

    (  );    t –  -

   ; m –  ; n – -

 .    (n, m)  50  

    ,   -

    ,  
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 5        

 . 
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2.7.2.    

 . 1    ,    -

   1i n iτ = − + , 1,i n= . 

 1.   

 
-

 

 

 
B  B1 Δ , % t, . 

  105 0 <1 

  110 4.76 <1 

 s = 2 105 0 <1 

 s = 2 105 0 <1 

 s = 2 105 0 <1 

-

 

 105 0 5.0 

 s = 1 105 0 <1 

m = 2; 

n = 20 

  

105 

111 5.71 1.5 

  2525 0 <1 

  2550 1 <1 

 s = 10 2525 0 1.5 

 s = 10 2525 0 1.0 

 s = 10 2525 0 <1 

 s = 1 2525 0 <1 

m = 2; 

n = 100

  

2525 

2530 0.2 2.0 

  250250 0 <1 

  250500 0.1 <1 

 s = 50 250300 0.02 <1 

 s = 48 250250 0 67 

 s = 1 250250 0 <1 

m = 2; 

n = 1000

  

250250 

250252 ~0 9.5 

  54 3.8 <1 

  60 15.4 <1 

 s = 2 54 3.8 3.2 

m = 4; 

n = 20 

 s = 2 

52 

55 5.8 3.1 
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 s = 2 54 3.8 3.8 

-

 

 52 0 10 

. 

 s = 2 54 3.8 <1 

  56 7.7 1.5 

  1264 0.2 <1 

  1300 3 <1 

 s = 10 1463 15.9 2.7 

 s = 10 1269 0.55 19 

 s = 2 1263 0.1 <1 

m = 4; 

n = 100

  

1262 

1293 2.5 2.4 

  125125 0 <1 

  125500 0.3 <1 

 s = 166 125500 0.3 93 

 s = 2 125125 0 <1 

m = 4; 
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125125 

125290 0.1 12.1 

  7838 0.23 <1 

  8320 6.4 <1 

 s = 16 7837 0.21 <1 

m = 64; 
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7820 

8218 5.1 88 
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      , 

       -
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     ,  , . . -

       -

.       
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 ,    -

.   ,      -

 ( , ,   ),   -
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    .    
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      . 

 

 1.    ,  

  

 
 . 2    ,    -

  11 [1.2 ]n i

i n iτ − += − + + , 1,i n= . 

 

 2. ,     

 
-

 

-

 

-

 

B  B1 Δ , % t, . 

  212 0 <1 

  228 7,5 <1 

m = 2; 

n = 20 

 s = 2 

212 

212 0 <1 
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 s = 2 212 0 <1 

 s = 2 212 0 <1 

 s = 1 212 0 <1 

  215 1,4 1,5 

  248456419 0 <1 

  225869676 9,1 <1 

 s = 10 207047431 0 3,0 

 s = 10 207145697 0 <1 

 s = 10 248456419 0 <1 

 s = 1 248456419 0 <1 

m = 2; 

n = 100 

  

248456416 

252646578 1,7 2,2 

  107 0,9 <1 
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 s = 2 107 0,9 3,3 

 s = 2 110 3,8 3,1 

 s = 2 107 0,9 4,0 

 s = 2 107 0,9 <1 

m = 4; 

n = 20 
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121 14,2 1,6 

  124228210 0 <1 
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 s = 10 105279930 1,7 23 
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m = 4; 

n = 100 

  

124228208 

132145694 6,4 2,7 
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 s = 4 82818074 0 <1 
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104461884 26,1 3,0 
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 s = 4 82818074 0 <1 
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        3.     

  Δ ., % t ., . 

M = 2; n = 20; s = 2 0.01 <1 

M = 2; n = 100; s = 10 ~0 2.0 

M = 4; n = 20; s = 2 3 2.3 
 

       4.     

  Δ ., % t ., . 

M = 2; n = 20; s = 2 0.1 <1 

M = 2; n = 100; s = 10 0.01 <1 

M = 4; n = 20; s = 2 2 2.4 

M = 4; n = 100; s = 10 4.5 10 

M = 2; n = 1000; s = 100 0,7 <1 

M = 4; n = 1000; s = 100 2.5 37 
 

 5.     

 

      

    6.     

  Δ ., % t ., . 

m = 2; n = 20 0.5 <10 

m  =  2; n = 100 0.1 <10 

m = 4; n = 20 5 <10 

m = 4; n = 100 1 10 

m = 8; n = 100 7 10 

  Δ ., % t ., . 

m = 2; n = 20; s = 2 0.05 <1 

m = 2; n = 100; s = 8 ~0 1 

m = 4; n = 20; s = 2 0.5 2.1 

m = 4; n = 100; s = 16 0.5 12 

m = 2; n = 1000; s = 166 1.4 2.2 

m = 2; n = 1000; s = 50 0.2 110 

m = 4; n = 384; s = 48 0,02 80 

m = 4; n = 1000; s = 100 2.4 317 
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m = 16; n = 100 1 10 

m = 2; n = 1000 2.5 20 

m = 4; n = 1000 3.5 20 

m = 4; n = 10000 1 4.6 500 
 

   7.     

  Δ ., % t ., . 

m = 2; n = 20 5 <10 

m  =  2; n = 100 2 <10 

m = 4; n = 20 15 <10 

m = 4; n = 100 3 10 

m = 8; n = 100 7 10 

m = 16; n = 100 15 10 

m = 2; n = 1000 5 20 

m = 4; n = 1000 5 20 

m = 4; n = 10000 60 500 

 

 8.     

  Δ , %  t ., . 

m = 4; n = 60; s = 2 8.6 23 

m = 4; n = 80; s = 2 8.7 27 

m = 4; n = 100; s = 2 10.2 37 

m = 6; n = 100; s = 3 7.5 40 

 

 9.     

  Δ ., % t ., . 

m = 2; n = 20 3.7 1.5 

m = 2; n = 100 0.1 2.1 

m = 4; n = 20 13.9 1.6 

m = 4; n = 100 1.4 2.4 

m = 2; n = 1000 0,8 9.1 

m = 4; n = 1000 3.2 12.4 

 
                                                 
1       10  10000. 
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              3.   
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 10.      

   

  , 

Tq,  

  

  

 

m=2; n=30; q=2 3.5 1.48 0.74 

m=2; n=40; q=2 42 1.79 0.89 

m=4; n=24; q=2 1.3 1.15 0.58 

m=4; n=30; q=2 21 1.90 0.95 

m=4; n=30; q=4 10.6 3.77 0.94 

m=8; n=30; q=2 60.3 1.99 0.995 

m=8; n=30; q=4 30.2 3.94 0.993 

 

 . 11 – 14   ,  

         

,        -

 .       4  5. 

    11.     

  Δ ., % t .,  

m = 2; n = 20 18.2 1 

m = 2; n = 40 14.6 1 

m = 2; n = 50 14.2 2 

m = 4; n = 20 24.8 1 

m = 4; n = 100 16.6 4 

m = 8; n = 30 47.6 1 

m = 16; n = 100 36.7 4 

m = 2; n = 1000 13.6 16 

m = 4; n = 5000 25.1 42 

m = 4; n = 10000 12.6 200 

 

      12.     

  Δ ., % t ., . 

m = 2; n = 20 6.1 0.1 
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m = 2; n = 40 3.2 0.2 

m = 2; n = 50 3.1 0.2 

m = 4; n = 100 6 0.2 

m = 8; n = 30 46.3 0.1 

m = 4; n = 1000 0.6 1.2 

m = 8; n = 1000 1.2 3.1 

m = 16; n = 500 10.7 2.44 

m = 16; n = 500;  9.1 2.27 

m = 16; n = 500;  9.9 2.24 

m = 16; n = 1000;  5.3 8.7 

m = 2; n = 1000;  0.2 1.0 

m = 2; n = 5000; 0.02 23 

m = 4; n = 5000; 0.1 56 

 

 13.     

  t ., . 

m = 2; n = 20 0.02 

m = 2; n = 24;  0.36 

m = 2; n = 30;  5.2 

m = 2; n = 40; 76 

m = 2; n = 50; ε = 2.9% 320 

m = 4; n = 20;  0.1 

m = 4; n = 24;  1.5 

m = 4; n = 30;  40 

m = 8; n = 24;  3.5 

m = 8; n = 30;  120 

 

    14.     

  Δ ., % t ., . 

m = 2; n = 20 12.6 1.4 

m = 2; n = 40 13.7 2.0 

m = 2; n = 50  16.4 2.5 

m = 2; n = 1000 12.3 8.7 



 127 

m = 4; n = 5000 22.9 63.7 

m = 8; n = 30;  46.3 1.8 

 

 4.       

  

  

1 

10 

100 

1 000 

10 000 

100 000 

1 000 000 

, t 1,2 1,5 2,0 16,0 42,0 1,5 

, t 120 183 220 995 55 880 103 

, t 20 76 600 320 000 59 900 

, t 1 430 2 040 2 560 8 720 63 700 1 840 

m = 2, n = 20 m = 2, n = 40 m = 2, n = 50 m = 2, n = 1000 m = 4, n = 5000 m = 8, n = 30

 
 

 5.      

  

 

0%

5%

10%

15%

20%

25%

30%

35%

40%

45%

50%

, e 18,2% 14,6% 14,2% 13,6% 25,1% 47,6%

, e 6,1% 3,2% 3,1% 0,2% 0,1% 46,3%

, e 0,0% 0,0% 2,9% 0,0%

, e 12,6% 13,7% 16,4% 12,3% 22,9% 46,3%

m = 2, n = 20 m = 2, n = 40 m = 2, n = 50 m = 2, n = 1000 m = 4, n = 5000 m = 8, n = 30

 
  ,    

    :   

       . 

   :     -

    , ,   -
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  .    ,  

   m/n     . 

         -

     :    

    (    -

 m/n)     , -

          

.       ,  -

   ,     

    . 

 . 15      -

  .   -

    (  10%)   -

 . 

 15.     
 

  

, 

% 

- 

 

 , % 

- 

  

-

, % 

  

 

, .

  

 

m=4; n=60; 

τi∈[1,1000]; 

q=2 

4.5 4.1 8.6 12 1.94 

m=4; n=80; 

τi∈[1,10000]; 

q=2 

2.6 2.4 8.7 13.8 1.96 

m=4; n=100; 

τi∈[1,10000]; 

q=2 

1 0.9 10.2 18.8 1.97 

m=6; n=100; 

τi∈[1,10000]; 

q=3 

6.4 5.9 7.5 13.4 2.98 
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  6      
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 6.      
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 3.  

     

    

 

     (1)  -

        

,    ,   -

        -

 ; (2)    

    ,    -

       ; (3) -

       

 .  

 

3.1.      

       

  

      -

        

,    ,   -

        -

 .  ,    -

        -

         

    .  

   ,    -

,   [1]       -

     .    

     -

  [11],        -

   –  [12].      -

   .   -

    ,   -

       ,  
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    ,   [111]    

    .  

 

3.1.1.   

  ,   m -

 ,    N={1, 2, …, n}. -

,         -

    ,       

  .     -

       . -

,         -

.   i ∈ N    (bi, fi] 

( . .  i      ).  

       -

 .      R. -

  i  ri     ,      -

    ti = di - airi,  

                                ri ∈ [0, ir ],  i = 1, 2, …, n,                                        (1) 

                                           Rr
Ni

i ≤
∈

,                                                          (2) 

ai,  di,   ir –  ,    ai > 0,  di > 0, iii adr /0 <≤ .       

,  ti ∈ [di - ai ir , di],   di - ai ir > 0.     

   ),...,,( 00
2

0
1 nrrr ,    -

  ( . .  ,    -

     ),  , 

     .   -

   ),...,,( 00
2

0
1 nrrr     

(1), (2).  ,      R  -

 ,     -

. 
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3.1.2.      

   ,     

 .      ,   bi = 

=0,  fi = F (i ∈ N).    [1],    -

       -

   mFt
Ni

i ≤
∈

,  mFrad
Ni

iii ≤−
∈

)( ,  

mFdra
Ni

i
Ni

ii −≤
∈∈

.   BmFd
Ni

i =−
∈

.     

    (r1, r2, …, rn),  -

   

                                             Bra
Ni

ii ≥
∈

, 

                                               Rr
Ni

i ≤
∈

,                                                      (3) 

                                      ri ∈ [0, ir ], i = 1, 2, …, n.       

 ,      -

 ,     (3)  -

.   (3)    ),...,,( 00
2

0
1 nrrr ,     

)(00 Niadt iii ∈−=      [1],  -

 .     

      O(n4,5 log2(nT)),  

  – O(n). 

    Rmin   -

,     .  -

    .    -

 

                                              R  min 

                                              Bra
Ni

ii ≥
∈

, 

                                              Rr
Ni

i ≤
∈

,                                                       (4)  

                                      ri ∈ [0, ir ], i = 1, 2, …, n, 

                                               R ≥  0.            
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 (4)  .     ),...,,( 00
2

0
1 nrrr ,  

Rmin    ,   Rmin –  -

   . 

     minR    

(3)  :                                      

                                          Bra
Ni

ii ≥
∈

, 

                                          Rr
Ni

i ≤
∈

+R′,                                                     (5)  

                                      ri ∈ [0, ir ], i = 1, 2, …, n. 

   R′ ,    (5) 

 .       -

.  R′      -

.  ,      

   .   . 

 1.      ],[ 2010 RRR ′′∈′ . 

 10RR ′=′    (5)  ,   20RR ′=′  -

.  202101 , RRRR ′=′= . 

 2.  2/)( 21 RRR −=′ .   (5)  -

,     3,    –   4. 

  3.  RR ′=2 .    5. 

4.  RR ′=1 .    5. 

 5.  Δ≥− 12 RR ,      2,   -

 –   6. 

 6.   .  RR ′+   

    ,   -

  . 

   2010 , RR ′′     R′. 

,    10R′     : 010 =′R . 

    :                   

                                           max→
∈Ni

iira , 
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                                                Rr
Ni

i ≤
∈

,                                                     (6)  

                                        ri ∈ [0, ir ], i = 1, 2, …, n. 

 BBra
Ni

ii ≤′=
∈

max        

 ),...,,( 21 nrrr ′′′ . 

,    20R′      

                          
)()(

)()(

BBrra

rrBB
R

Ni
iii

Ni
ii

′−−′−

′−′−

=′

∈

∈ .                                (7) 

   : 

                          .,
)(

NiR
Rrr

rr
rr

Ni
ii

i
ii ∈′

′+′−

′−
+′=

∈

                               (8) 

 ,      

   (5): 

                                                  Rr
Ni

i ≤
∈

+R′,                                                      

                                           ri ∈ [0, ir ], i = 1, 2, …, n. 

,  0≥ir  ,  ,   (8) ,  

α′−+′= )( iiii rrrr ,  )1,0(∈α .  rri ≤ . ,  

RRrr
Rrr

R
rr

Ni
ii

Ni
iiNi

i
Ni

i ′+≤′−
′+′−

′
+′=

∈

∈

∈∈

)(
)(

. 

    Bra
Ni

ii ≥
∈

  ir , -

   (8): 

Brra
Rrr

R
ra

Ni
iii

Ni
iiNi

ii ≥′−
′+′−

′
+′

∈

∈

∈

)(
)(

. 

     ,  -

     

)()(

)()(

BBrra

rrBB
R

Ni
iii

Ni
ii

′−−′−

′−′−

≥′

∈

∈ . 
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      -

 20R′   (7). 

 . 1     (   

)      (4)   -

.  . 2   (   )  -

          

   (     ).     

,   1≥Δ       

,  01,0≤Δ   ,    1,0=Δ   
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0
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   ( 1 )

  ( 0,1 )   ( 0,01 )

          
         . 2.       

            Δ . 

3.1.3.      

  ,    -

    (bi, fi]. ,       

        .  

  ,     [1],      G = 

=(V, A)   ( . 3)  c   s       t  (V  –   

,  A –  ). 

 y0<y1< … <yp   (p < 2n)  –     -

  bi, fi  (i ∈ N).  V = {s, t, I1, I2, …, Ip, w1, w2, …, wn},    

   Ij           (yj-1, yj]  (j = 1, 2, …, p),    

wi  –    i ∈ N.    A    G   

:   (s, Ij)   (j = 1, 2, …, p);  (wi, t)     (i ∈ N);   (Ij, wi)    ,   

   (yj-1, yj] ⊆  (bi, fi]  ( ,    j (1  j  p)    i ∈ N  

  (yj-1, yj]        (bi, fi],   -

       );                 (t, s). 

  j = yj – yj-1   –    Ij.      

 :  L, U, C,    L –     ,   U  – 
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    ,  C  –     

.      G   . 1. 

 

                                 I 1    w1 

 

       s          Ij                 wi         t 

 

    

   

          Ip      wn 

 

         .3.    G. 

 

. 1.     G. 

           L U C 

       (s, Ij) 0 m j 0 

       (Ij, wi) 0 j 0 

       (wi, t) di - ai ir  di – 1/ai 

       (t, s) 0 
∈Ni

id  0 

 

 1.     -

       G    g,   

 

                                    
∈

−≤
Ni

ii adRg /)( .                                     (9) 

. 1) .    

       ri  –  -

 ,       i,   ti = di – ai ri  – -

    i.   ri = (d – ti) / ai   (i ∈ N),   -

  ,     

   N,   Ratd
Ni

iii ≤−
∈

/)( ,   -

 

                                      
∈∈

−≤−
Ni

ii
Ni

ii adRat /)/( .                       (10)  
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   ,     [1],  ,   

  G      g ( . . ,   -

        G,  -

  s     t),  

                                                  git = ti                                                   (11)   

(git  –      (wi, t)).   c(g)  -

   )/()(
∈

−=
Ni

iit aggc .  (10), (11) ,    

∈∈

−≤−=
Ni

ii
Ni

ii adRatgc /)/()( , . .   (9). 

2) .     G      g, 

    (9).     ,  

   [1],  ,    -

,     ti     i ∈ N  -

  (11).      (wi, t)      -

,         ti∈ [di - ai ir , di],                  g    

∈

−=
Ni

ii atgc )/()( .   (9) ,   
∈∈

−≤−
Ni

ii
Ni

ii adRat /)/(   

Ratd
Ni

iii ≤−
∈

/)( .   (di – ti) /ai –   -

 ,    i,     

,     , -

    ,    R.  

 . 

    ,   

 . 

 1.     G. 

 2.    g       G 

(    , ,   [112]). 

  c(g) –   ,   git –      (wit, t). 

 3.  
∈

−>
Ni

ii adRg /)( ,     

.   
∈

−≤
Ni

ii adRg /)( ,    -

.     git      (Ij, wi)   -

  ,    i        Ij  
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(i ∈ N;  j = 1, 2, …, p).        Ij  -

   ,     -

     ,          

   Ij  (j = 1, 2, …, p).  

       

.     G  – O(n2);  -

        – 

O(n4

∈Ni
id );      Ij  (1  j ≤ 2n – 1) – 

O(n).  ,    – 

O(n4

∈Ni
id ). 

 

3.1.4.    

    ,  -

   ( ]ii fb ′,   (    R),  -

 (1)    0 0 0
1 2( , ,..., )nr r r , -

  (1), (2);  (2)     

  ; (3)   )(max ii
Ni

ff −
′

∈
-

  . ,    -

  R     ( . . 

∈

−>
Ni

ii adRg /)( ).     -

,     (9)    -

  R  .  

   ,    

  ( ] Nifi ∈,,0 .     , 

 1+< ii ff     Ni∈ ,  . .    -

     .    

        G∗ ( . 4). , 

( ] ( ],...,,,,0 21211 ffIfI ==  ( ]nnn ffI ,1−= .  ,  -

    ,    jI   ,   

 { }njj www ,...,, 1+ .  g –      
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 *G ,  ( )gc  –  .     jIs, , 

ij wI ,
 
  twi ,  

  
jIs

g
,

 ,  
ij wI

g
,

  twi
g ,  .  

                                    1I       1w  

 

       s             jI     jw            t 

        

    

   

            pI       nw  

 

        . 4.    G∗.  

       

  0>ε : ε+=′ ii ff .    ,  -

        -

    . ,  ε+Δ=Δ 1
*
1 , ,*

jj Δ=Δ  { }1\Nj∈ . 

 ,       -

     1, Is   

NiwI i ∈,,1 .      

 NiwI i ∈,,1        

twi , ,       twi ,  –  -

,        .  

 ( ) −−=δ
∈Ni i

i

a

d
Rgc .     

 *G .   *
,1 iwIg       
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, 11

Njgg
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  1,1
Δ≤

iwIg   ε+Δ=Δ≤ 1
*
1

*
,1 iwIg    

    ix : 

                                               
iwIi gx ,1 1

−ε+Δ≤ .                                   (13) 

        ,  

 ,    1I ,    

∈Ni
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mx
Ni
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twi , ,        

∈

−⋅
Ni i

i a
x

1
,       ix : 

                                                .0
1

≤δ+−⋅
∈Ni i

i a
x                                  (15) 

 ε     (13) – (15), -

    : 

                                   

,

,,

min,

,1 1

ε≤

∈−ε+Δ≤

→ε

∈

mx

Nigx

Ni
i

wIi i
                                       

                                   

.,0,0

,0
1

Nix

a
x

i

Ni i
i

∈≥>ε

≤δ+−⋅
∈  

    NN ⊆   

  l    lI  ( )  ,   ,1:{ NipllNI ∈≤≤=  

( ]}, iil fbI ∈      ( ) ( ]{ }iil fbI Niln ,: ∈∈= .    [1], 

      ,   

   NN ⊆    

                                
( )( )

( )∈∈

Δ≤
NIl

l
Ni

i lnmt ,min .                                (16) 
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N ,   ( ) { }211 ,...,1, lllNI +=     21, ll . -

     ( ] Nifi ∈,,0   1+< ii ff   

 Ni∈ ,      N  -

 : { } { } { } { }n,...,2,1...,,3,2,1,2,1,1 .   

{ }1   (16)     11 Δ≤t ;    { }2,1  – 

2121 2 Δ+⋅Δ≤+ tt .      { }k,...,2,1   

( )
==

+−⋅Δ≤
k

i
i

k

i
i ikmt

11

1,min .     

    ε . ,  ε+Δ=Δ 1
*
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{ }1\,* Njjj ∈Δ=Δ .  ,    
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                  min,→ε   
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Ni

i ≤
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                  ( ) nkikmt
k

i
i

k

i
i ,1,1,min

1

*

1

=+−⋅Δ≤
==
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  .     -
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     .   ε   

   .   *G ,   -
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                                                    1w       

                                                    2w     

     s                      1I                                               t    

                                                     jw  

                                                     nw  

 

              . 5.   *G .  

   NiwIIs i ∈,,,, 11      

( , ,       (3)).  

 
1,10 Isgm −Δ=α   

iwIi g ,1 1
−Δ=α ,    Ni∈ .  0α  
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 NiwIIs i ∈,,,, 11 .  ,   
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 -
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n
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α
≥

α
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2
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 ,   (9)  ,  -
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    .  11 a⋅δ=ε .    
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1,,1 ≠iwI i     , . . 0=ix . -
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∈Ni i
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d
Rgc ,  ( )

∈

−≤
Ni i

i

a

d
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    11 a⋅δ=ε     

         

11, wI ,       1, Is  ( ) 110 1 α−⋅δ−=α am , . .  

11, wI    .     , 

  k   , . .  

kwIwI ,,...,, 111 .    ,  ε  
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==
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−δ=ε

k

i i

k

i i

i
k aa 11

1
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    1,  ,  ( )
∈
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i

a

d
Rgc * . -
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1, Is      .    
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=

α+ε
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i
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1

,    1, Is  –      0α+εm ,    
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0 . 

 mε   

    

=

=

α
−δ

=ε m

i i
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i i

i

m

a

a

1

1

1
,  α+α−εα−−ε=

=
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    . 

 1.  1a⋅δ=ε , 111 α+δ= ax . (   ,  

  ( )
∈

−≤
Ni i

i

a

d
Rgc * .) 

 2.  2
ε=ε .  

 3.   mε≤ε ,      4.    mε>ε ,   

 2. 



 146 

 4.     ,   -

 msxm
s

i
i ≤≥α+ε

=

,
1

0 .       

( )
∈

−≤
Ni i

i

a

d
Rgc * ,    6,    –   5. 

 5.  ε=ε 5,1 .    3. 

 6.  . 

    ,  m    

n,        

  ε .  . 2 ,     ε , 

  ,    -

,  ,   . 3.1.2. 

 2.      

  

n
m  δ   ( %) 

0,01 10 300-1000 

0,1 10 100-400 

0,5 10 10-120 

0,9 10 1-20 

0,1 1 80-200 

0,9 1 10-35 

0,1 0,1 40-90 

0,9 0,1 1-8 

 

 

3.2.     

    

      -

     ,   -

    ,  -

 ,       
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   .   -

       [10, 14]. 

 

3.2.1.   

       ,   M -

  L .     j-    

mj (j = 1, 2, ..., L;  
=

=
L

j
j Mm

1

).    j-  

  sj (j = 1, 2, ..., L), s1 > s2 > ... > sL.    -

             

 N = {1, 2, ... , n}.         

i ∈ N     pi > 0,    

 o
ip  ≥ 0;   k-           

0
ip  + (k - 1) pi,  k = 1, 2, ...         
0
ip  + (k - 1)pi + fi   (fi ≤ pi).      

.       -

      ,    -

     .  -

         .  

  Qi   ,   -

    i∈ N, . .  k
ijτ  −   

   j-   k-     i, 

 Qi = 
=

τ
L

j

k
ijjs

1

.  ,    -

   ( . . ,    -

  i       

       -

 Qi),    ,   . 

       ,   

          

,        -

 i ∈ N.      -
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    pi.   ,   -

   ,   pi - fi.   

   pi   . -

,    ,   

 .  

 

3.2.2.    

      -     R(t) = (R1(t), 

R2(t), ... , Rn(t)),   Ri(t) = j,     t  i -

    j-  ,   Ri(t) = 0,   i  

   t   .   : 

P −      p1, p2, ..., pn; p0 = max{ 0
ip : 

i∈N}; Bm =  (p0 + (m-1)P, p0+mP]       (m = 1, 2,...);           m
ihU  (m = 1, 

2,...; i ∈ N; h = 0, 1, ..., ri+1) − ,    

Bm   Pki (k = 1, 2, ...) (  p0 = 0
ip   p0 - 

0
ip   pi, 

  ∅=m
0iU );    Ω −    R (t)    B1,   

  aih =  Qi       i ∈ N,    h = 1, 2, ..., ri      ai0 + ai(r i+1) =  Qi 

  i ∈ N,   aih =
=

τ
L

j

h
ijjs

1

, h
ijτ  −   ,  

 jtRo
i =)(      1

ihU . 

 Ω ≠ ∅,     R (t) ∈ Ω   

    P  R(t)  

: 

                                
>+

≤
=

,)(

,0
)(

0

0

i
o
i

i
i

ptmPtR

pt
tR                        (18) 

 m −  ,  t + mP ∈ B1, i ∈ N.    

 P- .      

R (t) ∈ Ω   ,   Ω ≠ ∅.     -

 ,   ,    [11].  

d0 < d1 < ... < dp+1 −         

{ Pppfpkppkp ikikiiiikiiik +≤ψϕ≤+−+=ψ−+=ϕ 00
00 ,,)1(,)1( },  
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i ∈ N, k = 1, 2, ...,  Dl = (dl, dl+1],  δl -   Dl (l = 0, 1, ..., p). 

        Dl   1
ihU   Dl ⊆ 1

ihU ,   

Dl 
1
ihU = ∅.     Dl   

 ,             1
ihU  (i ∈ N,  

0 ≤ h ≤ ri + 1).     ,    

Dl (l = 0, 1, ..., p)     .  -

  G ( . 6)    u,   v   -

    wih    (i ∈ N, h = 1, 2, ..., ri + 1),       xlj (l = 0, 1, ... p;   j = 1, 2, ..., 

L)  yl (l = 0, 1, ..., p)  :  wih  -

 1
ihU ,  wi(ri+1) −   1

0iU  u 1
)1( +iriU ,   

xlj −  Dl   j-  ,    yl −   Dl;  -

 (u, wih)    i ∈ N,  h = 1, 2, ..., ri + 1   -

   Qi;   (wih, xlj)     i ∈ N,   

h = 1,  2, ..., ri,  j = 1, 2, ... , L      l,     Dl ⊆ 1
ihU ,   

  (sj − sj+1)δl  (  sL+1=0);     

(wi(ri+1), xlj)        i ∈ N,    j = 1, 2, ..., L         l,    

   Dl ⊆  1
0iU 1

)1( +iriU ,     

(sj−sj+1)δl;       (xlj, yl)       l = 0, 1, ..., p, j = 1, 2, 

..., L            
=

+ δ−
j

r
ljjr ssm

1
1)( ;     

(yl, v)      l= 0, 1, ..., p    

 . 

 2. Ω ≠ ∅       ,   

    G    (u, wih) (i ∈ N,  h = 1,  2, ..., ri + 1). 

        -

   [11]. 

        wih   yl 

        i  

 Dl,    ,   [12],  

       Dl. 
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 ,           R(t)   

           R  (t) ∈ Ω     R(t)  -

 (18).  

 

                    ••••   x 01  

                                                   ... 
                                                 ••••   x L0   
                                                   ...     

        ••••   x l11           ••••  y 0  

                                               ...   ... 
                    ••••   x l L1

   

            ...          ••••  y l1
 

        ••••   x l 21      ...   

      wih (i∈N, h =1,...,ri)                         ...     

        ••••                 ••••    x l L2
        ••••  y l 2

 

             ...                  ...    
        u ••••           ••••   x l 31                    •••• v 

       ...                            ••••  y l 3
 

         ••••     x l L3
        ... 

             ...   

        ••••   x l 41                  ••••  y l 4
 

                  ••••  ...   ... 
   wi(ri+1) (i∈N)                 ••••   x l L4

 

                     ...                  ••••  y p  

                                                         ••••   x p1  

... 
        ••••   x pL   

 0y , ..., 
1l

y    1
0iU ,  

2l
y , ... 

3l
y  − 

 1
ihU ,  

4l
y ,..., py  −  1

)1( +iriU . 

. 6.  ,     . 

   ,    R (t) ∈ Ω    

G      .                

(u, wih) (i ∈ N,  h = 1,  2, ..., ri + 1)  ,  -
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R (t) ∈ Ω.             

   (u, wih),      2  Ω = ∅.       P-

    .    -

 ,     [4],   

       . 

 3.         

,    P-  . 

    [12],             

Dl (l = 0,  1, ..., p)   2(M - 1),      

P-  ,       -

,        Bm      2(M-1)(p+1)+ pn - 

-P
=

n

i
ip

1

)/1( . 

      

  :   G − O(L(P
=

n

i
ip

1

2)/1( ); -

   [116] − O((LP
=

n

i
ip

1

)/1( )3);     

              

 Dl   [12] −  O(n + M log M),       

Bm  −  O((n + M log M) P
=

n

i
ip

1

)/1( ).  ,           

            O( (LP
=

n

i
ip

1

)/1( )3 ). 

 

3.3.       

    

     

         

   .   -

        

  .     -



 152 

         

;      . -

     ,  -

    . 

 

3.3.1.   

    W = {w1, w2, …, wn}  

   ,     

G=(W,E),  W − , E −  (  (wi, wj) ∈ E,   wj 

       wi;    -

        

wi → wj).          q   ;    

Rj -           j (j = 1, 2, …, q).       -

           wi∈W:   t(wi) - -

 , rij -    j,   

  (rij ≤ Rj).    T,       -

           W    (T ≥ T*,  T* - -

    ).   -

    y1, y2, …, ym      -

      V =  {v1, v2, …, vm}  (m ,    

0 ≤ y1 ≤ y2 ≤ … ≤ ym ≤ T).    vj   -

,     t(vj)        

 .    [yj, yj +t(vj)]  -

   wi ∈ W,       

   .      

   W.    W  -

     V  . 

       -

   W,    -

:   

1.      -

  W,    G. 

2.      .  
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3.           V     -

  [0, T),        W   -

 T. 

4.  ,    W   

      V, -

. 

   1 − 3.     

W        Sα = (α(w1), α(w2), …, α(wn)),  

   α(wi) −            wi,         

  Sθ = (W1, W2, …, Wp,  θ1, θ2, …, θp).    

W1 ⊆ W       θ1,    

W2 ⊆ W       θ2  . .   

,     Wk,     -

   θ1+ θ2+ …+ θk,   Wk+1  (k = 1, 2, …, p - 1).   

θ(S)       W  

 Sθ, . . 
=

θ=θ
p

k
kS

1

.)(         1 − 3  

   : 

1. α(wi) + t (wi) ≤ α(wj)   i, j ,  (wi, wj) ∈ ; 

2. j
twtwi

ij Rr
iii

≤
+α≤≤α )()(:

   t ∈ [0, T]    j = 1, 2, …, q; 

3. θ(S) ≤ T. 

 

3.3.2.   

      .   

    X    x = (x1, x2, …, xn),   

      Sx,    -

 1 − 3 ,  , α(wi) = xi.     
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)19(

,0

;,...,2,1;,...,2,1

)()(,1

),( ==

+≥≤+

= mjni

vtyxywtx

yxK

jjijii

      X × Y,   Y = {y = (y1, y2, …, ym): 

 0≤y1≤y2≤ …≤ym≤T}     -

     V.   K(x, y) = 1,    V  

   ,           Sx   W   

 .   K(x, y) = 0,    W     -

    Sx.   f(x) −   -

          K(x, y).     

  y ∈ Y   
X

xdfyxK )(),(     -

,    W    .  -

  fo(x)       

∈
X

Yy
xdfyxK )(),(inf       -

 Sx.    (19),    

  ,   [ 117 ]. 

 

3.3.3.    X 

 : P(wi) -     wj ∈ W, -

 (   )   wi     G; 

Q(wi) −     wk ∈ W,  (   -

)      wi      G   ( . .         -

   wj∈P(wi)          wj     wi    -

  G,      wk ∈ Q(wi)     

  wi   wk); τ(W′) −    -

  W′         

  (      , ,  

,            [118]); Ai
1 = τ(P(wi));   

Ai
2 = T - t(wi) -  τ(Q(wi)).   Ai

1  Ai
2   

       -
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     wi.   τ(P(wi)) +  t(wi) +  

+ τ( Q(wi)) ≤  T*    T ≤  T*,   Ai
1 ≤ Ai

2.  

   x = (x1, x2, …, xn),  xi ∈ [Ai
1 , Ai

2],  i = 1, 2, …, n,  -

    ,n,...,2,1i},w,w{WW 2
i

1
ix =∪=′   wi

1,  

wi
2 −   (   ),  t(wi

1) = xi,    

t(wi
2) = T - t(wi) - xi;     W    -

 ,   G, ,  , wi
1 → wi → wi

2. 

      4.    x ∈ X           -

   ,       τ(W′x)≤ T. 

             .  1.   x ∈ X.    W  -

  Sx,      1 − 3    

α(wi) = xi     wi ∈ W.   S′x  W′x,  -

 Sx  wi
1   wi

2     α( wi
1) = 0,  α( wi

2) = xi + t(wi). 

     W′x   T,  . . -

  τ(W′x) ≤ T  . 

2.    τ(W′x) ≤ T.    W′x    

S′x,    θ( S′x) ≤ T. ,    W   -

,     1 - 3.      

wi
1 → wi       t( wi

1) =  xi,     α(wi) ≥  xi.      ,     

wi → wi
2,    t(wi

2) = T -  t(wi) - xi     α(wi)  + t(wi) + t(wi
2) ≤ T,   

α(wi) + t(wi) + t(wi
2) = α(wi) + t(wi)+  T - t(wi) - xi ≤ T, . . α(wi) ≤  xi.  

, α(wi) = xi   x ∈ X.   . 

  Bi
1 = T - t(wi) - Ai

2  = T - t(wi) - (T - t(wi) -  τ( Q(wi))) =  

= τ( Q(wi));   Bi
2= T - t(wi) - Ai

1 = T - t(wi) -  τ(P(wi)).  Ai
1 ≤ Ai

2, 

 Bi
1 ≤ Bi

2.    W′x    

          ,   

t(w1
i) ∈ [Ai

1, Ai
2],    t(wi

2) ∈ ∈ [Bi
1, Bi

2].         

Π2n = [A1
1, A1

2] × … × [An
1, An

2] × × [B1
1, B1

2] × … × [Bn
1, Bn

2],   

2n-      , -

     t(wi
1),  t(wi

2), i = 1, 2, … , n.   

 [119],      Γ′j  
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( )200)()(
1

2

1

1 =+
==

n

i
i

j
i

n

i
i

j
i wthwtg  

(   gi
j    hi

j    0, 1  -1),  -

 Π2n     M′1, M′2, …, M′Z, -

   M′k   t2n=(t(w1
1),t(w2

1), …, t(wn
1), t(w1

2), t(w2
2), 

…, t(wn
2)) ∈ M′k    τ( W′X)     

 

 ( )21 )()()(
1

2

1

1
2

==

+=′
n

i
i

K
i

n

i
i

K
in wtdwtctL  

(  i
k, di

k   0  1).   

  Γ′j    L′k(t2n)   [119]. 

      Pn = [A1
1, A1

2] × … × [An
1, An

2], -

  n-      , 

   t(wi
1),  i = 1, 2, … , n.      

t(wi
2) = T - t(wi) -  t(wi

1),    (20), (21) ,   Γj 

 

                            
0))()(()(

1

1

1

1 =−−+
==

n

i
ii

j
i

n

i
i

j
i wtwtThwtg ,    

                             0))(()()(
11

1 =−+−
==

n

i
i

j
i

n

i
i

j
i

j
i wtThwthg , 

  Πn    M1, M2, …, 

MZ,     Mk   tn=(t(w1
1),t(w2

1), …, t(wn
1)) ∈ Mk 

  τ(W′X)      

                             
==

−+−=
n

i
i

k
i

n

i
i

k
i

k
ink wtTdwtdctL

11

1 )).(()()()(  

   k = 1, 2, …, Z   Lk(tn) = T    Mk  

      Mk
1    Mk

2  (    

   ),  Lk(tn) ≤ T    tn ∈ Mk
1   

Lk(tn) > T    tn ∈ Mk
2.    .1

1
k

Z

k

MX
=

=    
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3.3.4.  

     W = {w1, w2, w3, w4}  

    w1 → w2, w2 → w3.  -

   (q = 2)   R1 = 1, R2 = 1.  w1, w3, w4   -

     ,   w2 -  -

   .    T = 6.  -

  [0, 6]        

     v1 (m=1, V = {v1}),     

   .       

w2,     ,     -

 v1.    :   t(w1) = t(w2) =  

= t(w3) = t(v1) = 1, t(w4) = 2.    -

  W,     1 − 4.  X 

            

x ∈ [0, 6],       Sx, -

  1 − 3  ,  α(w2) = x.  -

   X = [1, 2] [3, 4],  Y = [0, 6].  -

     

 

                   

+≥≤+
=

,0

,11,1
),(

yxyx
yxK

 

   X × Y.  νa(x) −   

 X,     a ∈ X,    , 

 1;  μ[b,c](y) −  ,   

   [b,c]⊆Y.     

f0(x) = 0,5ν1(x) + 0,5ν4(x)    g0(x) = 0,5μ[1,2](y) + 0,5μ[3,4](y) 

       

 ,     0,5.  

,  

F(y) = ,)(),( 0
X

xdfyxK
 
G(x) = .)(),( 0

Y

xdgyxK
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 F(y) = 1  y = 0,   y ∈ [2, 3]   y ∈ [5, 6];   F(y) = 0,5    

y ∈ (0, 2)   y∈(3, 5);   G(x) = 0,5     x ∈ [1, 2]    x ∈ [3, 4].   

 ,   0,5      

  Sα1 = (0, 1, 2, 3)      Sα2 = (2, 4, 5, 0)    W. (  i-   

  Sα1   Sα2       

 wi .) 
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 4.  

    

    

 

     -

     .  

,      

  - ,     

 ,      

(       ), -

.       -

  [135, 136]. 

 

4.1.  

     -

        , 

       -

 ,    .  -

   ,   ,   

 ,    -

,    ,    

     . 

 ,       

 - ,   -

  ,      

   ,      . -

 ,     -   

       

,     .  

 ,      -

       

 .      

    - . 



 160 

       -

-         -

 [120 - 132].   [120, 121] ,   -

   ,     

 .   [120]     

  ,    [121]  -

    -   

 .      -

     [122, 123].   [124] -

   -   , -

      .  -

 [125, 126]  ,    -

 -   ,    

          . 

  [127]    -

,      -

 - ,      .  

 [128]   -   -

,        

          .   

 [129]      

     -

-     .  [130]  

     -

,         

   .  [131]    -

  -       

   .   [132]  -

 -       

 . 

   , ,    -

,       . - , 

,         

    .  , , 

     ,  -
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  .      -

   ,    , 

       

 .       -

   ,      -

  .     

  [133].  

- ,   [120 - 133] ,   -

      . 

 , ,      

,       .   -

        -

  .       -

     . .   . .   

[134].        -

  ,     -

 (    ),    -

.  ,  [134]    –  -

 ,     -

   .        

 .  [134], , ,   -

  -     .  

      -

    -    , -

    .  

 

4.2.   

   G = <V, E>,  V  – 

  M1, M2,…, Mn,  E –    -

  (  (i, j) ,   i    

j).   –    ,   -

.      -

    .     

   a > 0   ,    
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  .      

   Ci, ki ...,,2,1= ,    

   ,  -  Bi, mi ,...,2,1= ,  

       . 

,        

,           ,   

          

.    -    . 

     Mi   -

   ,    -

,     Mi.     -

,   ,     

,  ,  . .,     -

. 

     .  -

   -        

   .    -

   .    

  -  ,    -

 ,      (  

     ),  -

.        -

–    .    

  .   , 

         -

        . 

 ,      -

 ,        -

,   ,    -   

   (      ,   

 ,  ,       

   -      -

). ,     , . . -

  .  
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4.3.     

      

    ,    

.  

1.   G –     n , . .   M1, 

M2, …, Mn     ( i, Mi+1), i= 1, 2,…, n-1.  

2.     , . .  n >> k.   

 ,       -

    -     -

  [0, T],  T  –      -

  ,    .   -

       ,  -

  -  – , , , T = n. 

3. 1/a n<< , . .  ,  .   -

  ,        -

    . ,    -

   ,    . 

        -

          

- . 
 

4.3.1.   

       

,       -

     - .  -

    ,   -

 -        -

  .     -  

   .  

 ,    1, 2,…, k  -

-  B1, B2,…, Bm  .   ,   -

       - ,  

       :   

  i, j,   kji ≤<≤1 ,   i 
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    j,    i, j,   

mji ≤<≤1 , -  Bi   -  Bj. 

   ,     

   .    i  

B( i)     - .  

 1.       i (i > 1) 

 ,         

 B(Ci-1)  i.  i=1     , 

  C1.  

      . 

      k  

   m  -     n   -

 ),,( nmkA ,    –  ),,( nmkA .  

),,( nmkMA  (   ),,( nmkM ) –  -

      (   

    ).  -

 ,      -  -

,   .  

 1.  mk <   ),,(),,( nkkMnmkM = .  

        -

    mk ≥ .  ,  -

    ( . . -  

  )     -

 ,        

  .     -

  ,     .  

 2.  mk ≥      

 -  (  )    

  . 

       -

    ,    ,   

  -  (  )   
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   .   -

,         

 (     - ).  

 3.     1, 2,…, k  -  

B1, B2,…, Bm       

    -  Bi  Bi+p -

 r    s  .   p -

  r      

),,( sprA       s   . 

      

     -    

.  

 

4.3.2.  k = m 

  1     , 

  -     - , 

. . mk ≥ .   c     

  -   ,  mk = .   -

  ,   -  -

   ,     –  .  

 2 ,    mk =     

  1−k  -    -

  .  ),,( nkkA  –  -

,   .      

k           

 )(,...,,
1

21 nxxxx
k

i
ik =

=

 .    

     

),,( nkkMA .   3 .4.3  ,   

         Ci -

    ixa ⋅ .     

   - ,    -

 ix   .   na ⋅−1    -
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   .     

 : 

.)(

...))(()1(),,(

1

2

11

=

α+=+⋅+

++⋅+⋅−=
k

i
ikk xnxnxa

xnxannankkMA
 

 

(1)

     kxxx ,...,, 21 , 

    (1)  nx
k

i
i =

=1

. 

 ,     kiknxi ,...,1,/ == . 

,       -  -

  . , ,  ,    

   ,     n / k   -

  .       n >> k,  

. . ,      -

         

   -       

[0, n].         -

.  

      

      

./)/(),,( 22 knnknknnkkM α+=⋅α+=  

 -   ,   

)()(

...))(()1(),1,(
1

1
1

11

nnxaxSxa

xnxannankMA

k

k

i
ik +⋅++⋅+

++⋅+⋅−=

−

=
−

, 

    

.),1,(
1

j

k

i

k

ij
i xxannkMA

= =

+=  (2)

  ,   ,  -

   ,  ,     

,   . 

 4.   m = 1    k  

   [0, n]  k  .     
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k

k
nannkM

2

)1(
),1,( 2 +

⋅+= .    (3) 

 
4.3.3.  m = 2 

     ,     

n    M1, M2,…, Mn,  k  -

   - . ,     

1, 2,…, k  -  B1, B2    

.    ),2,( nkA .    B1 -

    ,   B2,  

 2,     .   -

  Cx.    3, 4 ,   x  -

 y = k - x     .  

-  B2     Mt  Mt+1. 

  (3)  

y

y
tna

x

x
tannkMA

2
1

)(
2

1
),2,( 22 +

−⋅+
+

⋅+= .             (4) 

 

  2 . 4.3  ,  -

 B2       t   

[0, n].   ),2,( nkA  ,    

t  ),2,( nkMA    .  

0
2

1
)(2

2
1

2
),2,(

=
+

−⋅−
+

⋅=
∂

∂

y

y
tna

x

x
ta

t

nkMA
. 

 

.
2

)1(

;
2
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